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MINIMAL COVERS FOR CLOSED CURVES 

G. D. CHAKERIAN, University of California at Davis and 
M. S. KLAMKIN, Scientific Research Staff, Ford Motor Company 

I. Introduction. In a recent note [1], Nitsche had given a short proof of the 
following: 

THEOREM 1. Any continuous closed space curve C of length L is contained 
in a ball of radius R < L/4, and equality is forced only if C is a "needle", i.e., 
a line segment of length L/2 traversed twice. 

Thus any closed curve of length 4 can be "covered" by a ball of radius 1 and 
no smaller ball will suffice in general. In this paper, we shall consider some related 
covering problems. For example, we shall show that any closed curve of length 4 
can be covered by a cube of diagonal 2. Since such a cube has a circumscribed 
sphere of radius 1, this gives another proof of Theorem 1. We shall also consider 
the problem of covering a closed curve with a set of given type having minimum 
measure. For example, what is the minimum area of a rectangle containing a copy 
of every plane closed curve of length 4? 

It turns out that Theorem 1 was first proved in a more general form by Segre [2] 
and independently by Rutishauser and Samelson [3]. In Section 2, we shall give 
a proof of Theorem 1 which is the same as the elegant proofs in [2] and [3] but set 
in the context of Euclidean space and discuss briefly the relationship with Fenchel's 
theorem on space curves. In Section 3, we shall find the minimal cube containing 
a closed curve of length 4. The last section (4) deals with special covering problems 
for plane curves. 

2. Proof of Theorem 1. Let A $ B be two points on C dividing it into two arcs 
of equal length L/2, and let M be the midpoint of the segment from A to B. For 
X E C, we have 

(1) MX < Y(AX + BX) ? L/4. 

To see why the first inequality in (1) is true, consider the following figure. 

A1 Al B 

By central reflection of X through M to a collinear point X*, with MX* = MX, 
we see that (1) is a consequence of the triangle inequality applied to AXAX*. It 

55 
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follows from (1) that C is contained in the ball of radius L/4 centered at M. More- 
over, one readily deduces that equality can hold in (1) only if X is collinear with 
A and B. Thus if C is contained in no smaller ball, then it must pass through the 
endpoints of a diameter, in which case C can only be a needle. This completes the 
proof. 

In [2] and [3], the theorem is actually proved in the following form. 

THEOREM 2. Let C be a continiuous closed curve of length L < 2Xr on the unit 
sphere {X: IXI = 1} in Euclidean n-space. Then C is contained in a spherical 
disk of spherical radius R ? L/4, and equality is forced onliy if C is an arc of 
a great circle traversed twice. 

As an immediate consequence, one has 

COROLLARY 1. Any closed curve of lenigth less than 2Xr on the unit sphere is 
contained in an open hemisphere. 

This corollary leads to a proof of Fenchel's theorem that the total curvature 
of any closed space curve is at least 27r. An elementary exposition of this, together 
with a neat proof of Corollary 1 using an idea similar to that used for proving Theo- 
rem 1, is given by Horn [4]. Fenchel's article [5] is an excellent survey of these 
matters. One finds another excellent exposition, with the proof of Theorem 2 in the 
case n = 3, in an article of Chern [6]. Still another proof of Theorem 2 is given 
by Besicovitch [7]. 

The proof of Theorem 2 given in [2, 3] is the same as that of Theorem 1, with 
Euclidean distances replaced by spherical distances. (In this case one knows that 
(1) is valid whenever MX < -g/2. Thus if MX < -g/2, then in fact MX ? L/4 < -g/2. 
Hence MX, as a continuous function of X on the connected set C, cannot take 
values in the open interval (L/4, r/2). But MX < 7r/2 when X = A, so all values 
of MX are ? L/4.) The proof generalizes to a large class of metric spaces, including 
Euclidean space, hyperbolic space, and indeed any symmetric space in the sense 
of Cartan. 

3. The smallest cube covering a closed curve. In this section, we prove that a 
closed curve of length 4 is contained in a cube of major diagonal length 2. This 
will follow from the next theorem and the fact that every closed and bounded set 
admits a circumscribed cube. 

THEOREM 3. Let C be a closed curve of length 4 and B any rectangular box 
circumscribed about C (so each face of B touches C). Then the major diagonal 
of B has length D ? 2. 

Proof. Introduce rectangular (x, y, z)-coordinates with the origin at one corner 
of B and axes along edges of B. Suppose B has edges of lengths a, b, and c. Then, 
if s represents arc length along C, we have 
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(2) 2D2 = 2(a2+ b2 + c2) < a dx + b dY + c dz ds Yc~ ds ds Ids 

< 2 + cl-i dx~2 (dy\2 jdz~2 
_ {a2 + b2 +c}+((S) + (y) + )ds) ds = 4D, 

so that D ? 2. The first inequality in (2) follows since C touches each face of B, 
and the second follows from the Cauchy-Schwarz inequality. Equality can hold 
throughout (2) only if the tangent vector (dx/ds, dylds, dz/ds) of C is parallel to 
(? a, ? b, ? c) almost everywhere and C touches each face of B just once. This 
restricts C to a class of "chairshaped hexagons" inscribed in B with edges parallel 
to major diagonals of B. These correspond to closed paths of light rays reflecting 
from the walls of B. The following figure shows an example. These hexagons, in- 

cluding the degenerate cases of certain parallelograms and major diagonals traversed 
twice, all have length 2D. A more elementary proof can be given similar to the way 
one finds the shortest four cushion shot on a billiard table; one tiles space with boxes 
and draws a line parallel to a diagonal. Interesting discussions of these polygons, 
with related problems about polygons reflecting inside polyhedra are given by 
Jacobson and Yocom [8], Jacobson [9] and Gardner [10]. 

Observe that Theorem 1 follows from Theorem 3, since a box of major diagonal 
L/2 has circumscribed sphere of radius L/4. Note also that these theorems, and 
their proofs, extend to Eutlidean n-space for any n ? 2. 

A theorem of Kakutani [11] implies that any closed and bounded subset S of 
3-space admits a circumscribed cube, that is, a cube containing S with each face 
meeting S. By Theorem 3, a cube circumscribed about a closed curve of length 4 
has diagonal length at most 2. Hence we have the following. 

THEOREM 4. Any closed space curve of length 4 is contained in a cube of major 
diagonal length 2. 

The extension of Kakutani's theorem to any dimension is valid (see [12]), hence 
Theorem 4 holds in Euclidean n-space for any n ? 2. 

4. Minimal covers for plane curves. Here, we consider the problem of finding 
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a plane convex set of minimum area that will cover any plane closed curve of length 4. 
By the plane result corresponding to Theorem 1, any such curve can be covered by 
a circular disk of area t. On the other hand, the plane case of Theorem 4 shows 
that a square of area 2 will cover any closed plane curve of length 4. The following 
theorem yields the rectangle of smallest area that suffices to cover any closed plane 
curve of length 4. 

THEOREM 5. The rectangle of minimum area (having a fixed shape) that suffices 
to cover every plane closed curve of length 4 is that rectangle having diagonal 
length 2 and a side of length 4/7r. 

Proof. Any rectangle that will serve to cover all plane closed curves of length 4 
must have diagonal length at least 2 (to accommodate a line segment of length 2) 
and sides longer than 4/it (to accommodate a circle of perimeter 4). It is easy to 
see that of all such rectangles, the rectangle of diagonal 2 and one side equal to 4/it 
has the least area. We must now show that this rectangle will actually cover all 
plane closed curves of length 4. To do this, it is convenient to use the following 
result due to Cauchy. Let K be plane convex curve of length L. For each angle 0, 
let w(O) be the width of K in the direction 0. That is, w(O) is the distance between 
the two parallel supporting lines of K making angle 0 with the horizontal. 

K 
}s}(0~~~ 

Then the formula of Cauchy is, 

r2- 

(3) L= J w(O)dO-TCW, 

where w denotes the average value of w(O) on [0,27c]. Now observe that it suffices 
to prove our result for convex curves. For if C is a closed plane curve of length 4, 
then the smallest convex curve K containing C has length ? 4. If K can be covered 
by a rectangle of the required type, then so can C. It is also clear that it suffices 
to consider convex curves of length exactly 4. If K is such a curve, then by (3) the 
average width of K is 4/it; hence the width in some direction is 4/it. The rectangle R 
circumscribed about K and having two sides parallel to this direction has a side of 
length 4/it and, by the plane case of Theorem 3, diagonals of length < 2. It is easy 
to see that R is contained in a rectangle of side 4/it and diagonals of length 2. This 
completes the proof. 

The next theorem, proved by Schaer [13], shows that if we allow rectangles 
of variable shape, then there is always a rectangle of area less than that of the rec- 
tangle in Theorem 5 covering a given closed plane curve of length 4. 
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THEOREM 6. Any plane closed curve of length 4 is contained in some rectangle 
of area 16/it2. 

Proof. As in the proof of Theorem 5, one sees that it suffices to prove this theorem 
for convex curves of length 4. Applying Cauchy's formula (3) to a convex curve K 
of length 4 and using the A.M.-G.M. inequality, we have, 

r2- 2 - 

(4) 4 = w(O)dO {w(O) + w(O + 7t/2)}dO 

> l /w(O)w(O + 7r/2)dO ? min lw(O)w(O + 7r/2). 
0 

Hence w(O)w(O + 7r/2) < 16/t2 for some 0, which yields a rectangle of area < 16/7r2 
circumscribed about K. The theorem follows. 

Note that Theorem 6 is sharp, since a circle of perimeter 4 does not admit a cir- 
cumscribed rectangle of area less than 16/g2. 

Finally, we consider triangular covers. As proved by Wetzel [14], the triangle 
of minimum area (having a fixed shape) that suffices to cover every plane closed 
curve of length 4 is the equilateral triangle of side 4 13/it. (This has area greater 
than the minimal covering rectangle in Theorem 5.) If we restrict our attention to 
equilateral triangles, then an averaging type of argument, similar to that used in 
proving Theorem 6, can be used to prove that every plane closed curve of length 4 
is contained in an equilateral triangle of side 41/3/it. Indeed, it suffices to consider 
convex curves of length 4. If C is such a curve and 0 a point inside, let p(O) denote 
the distance from 0 to the supporting line making angle 0 with the horizontal, as 
indicated in the figure below. 

0 

Then a stronger form of Cauchy's formula (3) asserts that 

(5) length of C { p(O)dO. 

Observe that since w(0) = p(O) + p(O + it), formula (3) is an immediate consequence 
of (5). For each 0, the supporting lines corresponding to 0, 0 + (27t/3), 0 + (47t/3) 
form an equilateral triangle circumscribed about C. Since the sum of the lengths 
of the perpendiculars drawn from 0 to the sides is equal to the altitude of the 
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triangle, we have 

(6) p(O)?+( p ) jf + p=0+ 3) 3 s(O), 

where s(O) is the side of the circumscribed triangle. The integral over [0, 2ir] of the 
left hand side of (6) equals three times the length of C, that is 12. Hence the average 
of s(O) over [0,2Xc] is 4,/3/ir. Thus some triangle has side 4 <3)ir, as we wanted 
to prove. 

Using a generalization of the previous averaging type of argument, Eggleston 
[15] has shown more generally that the smallest triangle with given angles c,f,By 
that covers all closed curves of given length is the one circumscribed about a circle 
of that length. 

The example of a circle of length 4 shows that no equilateral triangle of side less 
than 4 13/1 suffices to cover all closed curves of length 4. 

This brings us to the question of determining a plane convex set U of minimum 
area that will suffice to cover any plane closed curve of length 4. This problem is, 
to our knowledge, unsolved although it is possible to obtain lower bounds on the 
area of U. For example, U must contain a line segment of length 2 and a circle of 
perimeter 4, hence it must contain the smallest convex set containing the union of 
the segment and circle. It is possible to show that the area of the smallest convex 
set containing copies of two centrally symmetric convex sets is minimized when 
their centers coincide. Hence a lower bound for the area of U is given by the area 
of the smallest convex set containing a circle of radius 2/7r and a line segment of 
length 2 through its center. 

,,~~~2;T 

5. Open problems. The extension of Theorem 6 to 3-space would be to find 
the smallest volume rectangular box which can cover any closed curve of length 4. 
We can show that a box of volume 1 suffices but we do not know whether this bound 
is sharp. The proof depends on showing that the convex hull of C has average width 
< 1. It can then be shown that the convex hull is contained in some box of edge 
lengths a, b, c satisfying a + b + c < 3, hence, volume < 1. One can next ask for 
the minimal regular tetrahedral cover. We also have another set of related problems 
by changing the class C of closed curves to open curves. A two-dimensional result 
of the latter type was set in the 1969 William Lowell Putnam Mathematics Com- 
petition [16], i.e., "Show that any curve of unit length can be covered by a closed 
rectangle of area 1/4." The three-dimensional version was posed in [17, p. 74]. 
Other two-dimensional results are given in a paper of Wetzel [18] and a report 
of Schaer [19]. 
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Authors' Note: Since this paper was submitted for publication, it has come to our 
attention that these results have been discovered independently by J. E. Wetzel (Cover- 
ing balls for curves of constant length; L'Enseignement Math., 17 (1.971) 275-277) 
and J. Schaer and J. E. Wetzel (Boxes for curves of constant length; accepted for 
publication, Israel J. Math.). In the latter paper, there is additionally a proof of the 
theorem: Every arc of length L in E' lies in some semiball of radius L/2, but no 
smaller semiball contains a congruent copy of every arc of length L. 
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SEPARATING POINTS IN A RECTANGLE 

BENJAMIN L. SCHWARTZ, McLean, Virginia 

1. Problem statement. In the Journal of Recreational Mathematics of July 1969, 
problem 88 [9] asks what is the minimum distance between any pair of points in 
a set of N points which are placed in the closed unit square to maximize this minimum 
distance. The arrangement (or arrangements) of the N points that achieves this sepa- 
ration is also desired. 

Solutions are known for N = 2, 3, 4, 5, 6, 8, and 9 [6, 7, 8,]. (For N = 7, 
Ref. [7] contains an arrangement and an assertion that the author has privately 
proved it to be optimal. However no published proof is known to this writer.) For 
larger values of N, M. Goldberg [2] has empirically obtained lower bounds by finding 
good arrangements for all N up to 30, and for selected higher values of N up to 340, 
J. Schaer [5] improved Goldberg's result for N = 10. J. S. Byrnes [1] has noted that 
substantial and unexpected theoretical difficulties arise in considering this problem, 
making the investigations quite complicated even for moderate values of N. (The 
author's proof for N = 6 requires 10 printed pages [8].) 

There are many obvious generalizations to this problem. One could consider 
separating points in a 3-dimensional or n-dimensional cube, in an arbitrary plane poly- 
gon, in a circle [3, 4], or indeed in any arbitrary region. The present paper considers a 
very simple extension to the original problem, and even this rapidly leads to some 
subtle features. Our problem will be to place N points in an arbitrary rectangle to 
maximize the minimum separation between any two. We shall solve the cases N = 2, 
3, 4, and 5. 

Our methods are entirely self-contained; there will be no appeal to the known 
solutions for the square, although of course the ideas used in the prior solutions have 
been suggestive to us. The solutions for the square will emerge as special cases from 
the present investigation, providing a partial check. 

We shall normalize the problem by taking as the unit of measure the longer side of 
the constraining rectangle. Hence the problem can be stated as maximizing the 
separation of N points in a rectangle, 1 by A units, where 0 < A < 1. 

2. A lemma, and the solution for N = 2. The problem is clearly meaningless for 
N = 1. When N _ 2, we have a simple but surprisingly powerful lemma. 

LEMMA. For any N, there is an optimal arrangement in which there is a point on 
each of the four sides of the rectangle, if we agree that each vertex is on both sides 
which meet there. 

Proof. Suppose any arrangement is given in which there is (for example) no point 
on the right hand edge. Select the right-most point in the given arrangement, and move 
it horizontally to the right until it bumps into the rectangle edge. This move can- 
not decrease the separation between any points, and in fact must increase the 
separation between the point moved and all others. Hence the new arrangement 

62 
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SEPARATING POINTS IN A RECTANGLE 63 

obtained must have at least the same minimum separation, and furthermore has a 
point on the right hand edge. This proves the lemma. A similar proof was given in [6]. 

In the remainder of the paper, we shall limit consideration to solutions with points 
on all edges. Note that all we have proved is that some optimal arrangement meets 
these conditions, not that all of them must. The latter is in fact true for the cases we 
consider in this paper, but we neither need that fact nor claim to have proved it. 

We are now ready to solve the case N = 2. If there are only two points in the 
arrangement, (that is, when N= 2) the only way to obtain points on all four edges, as 
the lemma proves is possible, is to have each of the two do double duty by occupying 
a corner. Hence we have a rigorous proof that the diagonally opposite corners are 
the positions occupied by two points in a rectangle with maximum separation. Of 
course, this was intuitively clear from the beginning. 

3. Saw-tooth solution. For larger values of N, there are also some general state- 
ments. If A is small, a general technique provides the answer at once. We illustrate 
with N = 5, A < /314. In Figure 1, we see a rectangle, 1 by.4, in which five points are 
to be located. The rectangle is subdivided by vertical lines into four congruent 
rectangular regions, each .25 by .4. 

FIG. 1. 

Since there are four subregions and five points, we conclude that at least one 
(closed) subregion must contain two of the points. In that region we can apply the 
result for N = 2 to conclude that the separation cannot exceed d = / (.42 + .252) = 
.47 which is the diagonal of the subregion. Hence the entire arrangement of five points 
must have at least one pair with separation no greater than d. So d is an upper bound 
on the separation attainable with N = 5 in the rectangle of Figure 1. 

But in Figure 1, the five points are actually located in a zigzag arrangement which 
achieves this separation (or greater) for all pairs. Hence d is attainable, and Figure 1 is 
an optimal arrangement. We shall call such an arrangement the saw-tooth solution. 

Specifically, the saw-tooth solution has points located alternately at the bottom 
and top of equally spaced vertical dividers in the rectangle. It is easy to show that the 
saw-tooth solution is optimal for any N whenever A < 13/(N- 1). In the following 
sections, we therefore shall consider values of A satisfying 13/(N - 1) < A < 1. 

4. Three points. Consider now the case N = 3. From the lemma, we know that 
one point must be at a corner, since otherwise, not all four edges would be occupied. 
Say the corner point is in the lower left, labelled P in Figure 2. Furthermore, the 
points Q and R must be on the top and right hand edges respectively, also by the 
lemma. 
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C2 -A2 

Q, 

A c 

R 

FIG. 2. 

If A ? 13/2 .866, the saw-tooth solution applies, with R in the lower right 
corner. If A > /3/2, then we must consider positions for R above the corner. 

Let R be r units up from the bottom edge. We claim that it now suffices to con- 
sider arrangements in which the segments PQ and QR are equal. For if they are not 
equal, then Q can be moved to right or left until equality is achieved, and the min- 
imum separation will not be reduced by such a move. For example, if originally 
PQ < QR, then Q can be moved to the right to a new position Q' where PQ < PQ' 
- Q'R. 

Therefore only arrangements with PQ = QR are of interest. For any value of r, 
such an arrangement is uniquely determined. Consider the minimum separation d 
attained, as a function of r, with r increasing from 0 to A. Initially, when r = 0, we 
have a sawtooth arrangement, and PR is the shortest leg of the triangle (since A > 
1/3/2 ). As r increases, PR increases, and the other two (equal) sides decrease, until 
the three become equal. Then with further increase in r, the sides PQ and QR are 
shortest, and ultimately attain the value (1/2) (1 + A2) when R reaches the top right 
corner, in Figure 3. 

(O R 

p 
FIG. 3. 
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It is clear that the minimum separation is maximized when APQR is equilateral. 
A conceptual procedure for finding the optimal arrangement is the following: 

With P as center, strike an arc of (varying) radius c;c ? 1. This arc intersects the 
top and right side respectively of the rectangle in the points Q and R. Beginning with 
c = 1, increase c until the segment QR has length c. The resulting arrangement 
(P,Q,R) is optimal. 

Referring to Figure 2 one sees that the desired value of c satisfies the algebraic 
equation c2 = (A - 1c2 - 1)2 + (1- _c2 - A2)2. This is easily reduced to a 
quartic equation in c2; or it can be solved directly numerically from the above 
equation by any of the standard methods when the value of A is specified. 

5. Orbits. It is of interest to see how the points P,Q, and R move as a function 
of A. In Figure 4 the optimal arrangement for a square is shown (A = 1). As A 
decreases toward 1312, point P remains fixed; point Q follows a curve in the interior 
of the square (always at height A above the bottom) to a point on the vertical bisector 
of the square; and point R moves down the right hand side to the lower right corner. 
As A decreases further, P and R remain fixed, and Q descends along the vertical 
bisector. 

These paths are shown schematically in Figure 4. We shall refer to the locus of a 
point in the solution (with varying A) as the orbit of the point. This definition is not 
precise, and we shall not attempt to-make it so, since the idea is only descriptive. 
The examples will always clarify the intent in context. 

Q 

p 
FIG. 4 

6. Five points. By a quirk this writer cannot explain, it appears easiest now to skip 
the case N = 4 until later, and turn our attention to the case N = 5. We have at once, 
if A < /3/4 = .433 , the saw-tooth solution. 

When A is nearly 1, we have a solution by a similar simple device. The rectangle is 
divided into four congruent subrectangles (as in the saw-tooth proof), but this time, 
by using one vertical and one horizontal bisector. Figure 5 shows the construction 
with A = .9. Arguing as before that there must be two points in at least one subrectan- 
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gle, we establish the diagonal d = V1(.45i + .52) as an upper bound. And in Figure 5, 
that bound is attained by taking the four corners and the center of the rectangle. 

FIG. 5. 

This construction works for values of A down to V313 .577. Beyond that, the 
diagonal of the subrectangle becomes longer than the short side A of the original 
rectangle, so that the above arrangement no longer attains the separation d. Hence for 
A between .433 and .577, another approach is necessary. 

The appropriate argument is illustrated in Figure 6, where A = .45. Here, the 
rectangle is bisected vertically. To distribute the five points between the two halves 
requires that at least one half, a (1/2)-by-A subrectangle, include three points. Using 
the known optimal solution for three points from Section 4, the arrangement shown 
in the figure is obtained in either half. Its mirror image in the other half completes 
the solution. 

Fo. 6. 

There is a delicate point involved in applying the three-point solution to the 
(1/2)-by-A rectangle in Figure 6. It will be recalled that the longer side of the constrain- 
ing rectangle is used as the unit of measure. Hence depending on whether A > 1/2 
or A < 1/2, we must view the half of the large rectangle as standing up or lying on 
its side in applying the three-point solution. 

Working out the details will be left to the reader. The resulting orbits are shown in 
Figure 7. The two bottom points stay fixed. The middle point moves down the vertical 
bisector. At first it descends half as fast as A. After A passes /313, the solution point 
moves down faster, and reaches the middle of the bottom edge when A = 34. There- 
after it stays there. The two uppermost points move downward. Initially they go 
down the left and right edges respectively. After A passes 0/3, they move inward 
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toward the vertical dividers, reaching those lines when A = 34. Then they 
too descend vertically toward the bottom. 

FIG. 7. 

7. Four points. With N = 4, the orbits have two parts. One of these corresponds to 
the saw-tooth solution, occuring when A < ?313 = .577. For larger values of A, 
the solution is obtained as follows. Two diagonally opposite corners are selected, and 
points located on them. (See Figure 8 for an example, where A = .75.) The diagonal 
is drawn, and its perpendicular bisector constructed. The latter intersects the top and 
bottom of the rectangle in the two other points of the optimum set. The separation 
attained is d = (1/2) (1 + A2), as is easily calculated. The four-point arrangement 
defines a rhombus. 

FIG. 8. 

To prove this optimal, note first that no point can be in the interior of the rectangle. 
From Figure 9, we see that every interior point is within distance d of at least two 
corners. Hence any interior point, if it were to appear, would exclude an entire edge 
for placement of another point. But this is contrary to the lemma. 

Now suppose the point P on the left edge isp units above the corner, 0 < p < A/2. 
(This is sufficient, since the cases A/2 ? p < A are symmetric about the horizontal 
bisector.) 
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FIG. 9. 

In Figure 10, the left-most possible positions for the points Q and R on the top 
and bottom edges respectively are shown, obtained by striking an arc of radius 
d (1/2) (1 +A2) from P as center. Their distances from the left edge are given by 
q2= d2 _ (A _ p)2 and r2 = d2 _ p2 respectively. In turn, to find the highest and 
lowest position on the right edge that point S can occupy, strike arcs from R and Q 
respectively with radius d. These two arcs intersect at S'. And PQRS' is a rhombus. 
So S' is easily located by reflecting the triangle PQR about leg QR. By symmetry, 
S' isp units below the top of the rectangle (extended if necessary), and s' = q + r units 
from the left edge. 

A 

Pi 

(I 

_- ~~~~~R 
r 

FIG. I 0. 

We can express s' as a function of p alone. It is a straightforward (although 
lengthy) exercise in calculus to show that s' is an increasing function ofp for O <p < A/2. 
(See Appendix.) Since s' = I when p = 0, it follows that the point S' is actually 
outside the rectangle unless p = 0; and so the point S can only be placed on the 
right edge when p = 0. This position for S and the corresponding location of P at 
the lower left corner correspond to the originally asserted optimal solution. This 
completes the proof. 
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In Figure 11, the orbits for the four-point case are shown. The lower left point 
is fixed. The lower right point moves leftward to the vertical trisector and then 
stays fixed there. The upper right point moves straight down. The upper left 
point moves down and rightward until it reaches the vertical trisector, and then 
goes straight down. 

6--' 

FIG. 11. 

8. Additional observations. For larger values of N the problem appears to be 
much more difficult. The methods that succeeded for the square with N = 6, 8, or 9 
seem inadequate for the rectangle. With N = 6, the optimal solution has only one 
point in the interior of the square, and the proof makes strong use of that fact. 
For N = 8 or 9, the solutions have central symmetry; and again the solutions use the 
condition in an essential way. Clearly, both these crutches will ultimately fail in the 
rectangle, since for small A, the saw-tooth solution occurs, having neither central 
symmetry nor points in the interior in general. Thus, the orbits of the solution 
points are known to behave in some new and probably strange fashion. 

One conjecture that appeared at first to be reasonable was that every solution in 
the rectangle, for all A and N, has at least one point in a corner. But in reference [2], 
Goldberg obtains the best known arrangement in the square with N = 21, having 
no points in any of the corners. This is not conclusive for rejection of the conjecture, 
since Goldberg does not claim to have proved his arrangement is optimal. But 
surely the conjecture is substantially weakened by this circumstance. So this author 
finds himself reluctant to put forth any conjectures about the solutions for more 
advanced cases - except that they will be hard to find! 

9. Appendix. For 0 <?p < A/2, it is desired to verify that the function s' = q + r 
is monotone increasing in p, where 

(1) q2 = [(1/2) (A2 + 1)]2 _ (A _ p)2, and 

(2) r=2= [(1/2) (A2 + 1)]2 _ p2. 

We show this by proving that ds'ldp ? 0. It is convenient to study separately dq/dp 
and dr/dp. 
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Differentiating (1), we obtain q dq/dp = A - p, or dq/dp = (A - p)/q. The 
numerator is monotone decreasing in p, and the denominator monotone increasing. 
Hence dq/dp is monotone decreasing. As p increases from zero, dq/dp starts at 
2A/(A2 - 1) and goes down. 

In like manner, differentiating (2), we get dr/dp = -plr. Now the fraction p/r 
(omitting the negative sign) is monotone increasing. For its numerator is increasing 
and denominator decreasing inp. When the minus sign is adjoined, dr/dp is seen to 
be also monotone decreasing, starting at zero and immediately going negative as p 
increases. 

The sum dq/dp + dr/dp = ds'/dp is monotone decreasing. To verify that it is 
nonnegative for allp in the range 0 < p < A/2, it is merely necessary to verify it for 
the largest value, p = A12. When this value is substituted we get ds'Idpp= A/2 = 0, 

which is certainly nonnegative. And this completes the proof. 
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TWO-DIMENSIONAL GRAPHICAL SOLUTION 
OF HIGHER-DIMENSIONAL LINEAR PROGRAMMING PROBLEMS 

W. P. COOKE, University of Wyoming 

In this paper are examples of two-dimensional graphical solutions of linear 
programming problems involving more than two variables. The technique is mostly a 
curiosity, and in fact will not solve all linear programming problems. Nevertheless it 
has value as a teaching device and could be used as a "conjecture-generator" to 
stimulate undergraduate research. Further, the mathematical level is such that a 
fascinating unit for a high school class could be based upon the idea. 

It will be evident that this graphical technique will not threaten the position of 
the simplex method as an efficient computational tool. Its principal value resides 
in its ability to provoke a thought in the mind of almost anyone who can graph a 
straight line. 

The rationale of the technique. There are two basic notions underlying this 
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stimulate undergraduate research. Further, the mathematical level is such that a 
fascinating unit for a high school class could be based upon the idea. 

It will be evident that this graphical technique will not threaten the position of 
the simplex method as an efficient computational tool. Its principal value resides 
in its ability to provoke a thought in the mind of almost anyone who can graph a 
straight line. 
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approach. First, any point which satisfies two inequalities will also satisfy the in- 
equality resulting from their linear combination, provided of course that the sense 
of that resulting inequality is known. Second, one does not need n dimensions to 
draw a graph which represents an equation in n variables. 

A three-variable example. Consider the problem 

maximize Z - 2x1 + 2x2 + X3 

subject to 

(a) Xl + X2 + X3 < 12 
(1) 

(b) xl + 2x2-X3 < 5 

(c) x1- x2+x3< 2 

X1 > 0, X2 > 0, X3 ? 0. 

This is of course a standard textbook-type example for which a feasible solution 
obviously exists while the optimal solution is not so obvious. It requires three ordinary 
simplex iterations for a solution, or else one could solve it graphically in three di- 
mensions. 

We will solve it with two-dimensional graphs. Make the substitution X = 2x2 + X3. 

Then the objective function can be written simply as Z = 2x1 + X, but of course 
the constraints do not explicitly involve X. 

Next consider multiplying (b) by the number k and adding to (a), requiring 
that k be such that the resulting coefficients of X2 and X3 be in the ratio 2 :1. Since 
inequalities rather than equations are involved, we need only to be careful that k 
is such that the sense of the combined inequality can be determined. In this fashion 
X can enter explicitly into the constraints. 

Thus, blithely ignoring the bother that the resulting feasible region will not be 
equivalent to the original region in (1), we proceed to combine (a), (b), and (c) into 
two inequalities, both of which involve only X and x1. For combining (a) and (b) 
use k such that 

1 +2k 2 1 
(2) -k = 1, or k = - 

writing 

(3) (X1 + X2 + X3-12) + (4)(x1 + 2X2-X3-5) < 0. 

This yields 

(4) 5x, + 3X < 53. 

Notice that any feasible point of (1) must satisfy (4) since, in order to be feasible, 
it must satisfy (a) and (b). 

Similarly, to add k * (c) to (b) use 
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(5) + = or k 

producing 

(6) 7x, + X < 23. 

Be aware that if either k in (2) or k in (5) had been negative, the sense of the corre- 
sponding inequality would have been unknown. That situation may imply that either 
a different substitution, like Y = x1 + x2, might have to be used or else, worse 
yet, no such substitution will work. That is, it is not always possible to achieve the 
desired two-variable reduced problem. 

Having successfully generated (4) and (6) we now consider the reduced problem 

rmaximize Z1 = 2x1 + X 

subject to 
(7) 5x1 + 3X ? 53 

7x1 +X < 23 

L x1 0, X>0. 

Because of the way problem (7) was constructed, any feasible point of (1) is feasible 
in (7). Thus if (7) has a finite optimal solution, say Z4, then max Z < 4. Further, 
it is clear that if there is a feasible solution for (1) such that Z = Z*, then that is 
an optimal solution for (1). 

10 

2x +X i 18 

I , x l )~~~~~~~~X x - (16, 1) 

5 10 15 20 25 
Fig. 1. Solution of Problem (7) 

The graphical solution of (7) is suggested by Figure 1. By moving the 2x1 + X 
contour through the feasible region in the direction of increasing Z1 we discover 
Z4 = 18 at (X, x1) = (16, 1). 

We now ask if there is a feasible poinit of (1) such that Z = 18. If so, it should 
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occur with x1 = 1. Rewrite (1) accordingly and seek a solution of the system 

2 2x2+x3 = 16 

x2 + X3 11 

(8) 2X2 - X3 < 4 

-X2 + X3 < 1 

X2 _ 0, X3 > 0. 

Because of the equation in system (8), it is easy to reach the condition 

(9) 5 x2 ?, 

so that (8) is satisfied only by (X2, X3) = (5,6). System (8) can also be solved graphi- 
cally, as shown in Figure 2. This graph is exhibited mainly to reveal that there 
is no slack in the problem at the optimal solution. 

xi 3 

10 

0 < /(~~~~x2,X3) = (5,6) 

5- 
2X 2+X316 

5 10 
Fig. 2. Solution of System (8) 

Since (8) did have a solution, the original problem (1) is now completely solved. 
Thus 

(10) maxZ = 18 at (x1,x2,x3) (1,5,6). 

If one will delete the discussion and merely regard the mechanics of the graphical 
solution, he will see that the relative difficulty is at least no greater than that required 
by the simplex method. Further, the graphical solution is by far the more entertaining 
of the two. 

A four-variable example. In this section is exhibited a four-variable, three- 
constraint problem whose unique optimal solution may be achieved by means of 
two-dimensional graphs. Consider 

maximize Z = 4x1 + 5x2 + 7x3 -X4 

This content downloaded from 128.192.114.19 on Wed, 04 Nov 2015 23:02:10 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


74 MATHEMATICS MAGAZINE [Mar.-Apr. 

subject to 

(d) 2x1-x2+ 3x3+ 4x4 _ 10 

(11) (e) X1 + X2 + X3-X4< 5 

(f) xl + 2x2-2x3+ 4X4 _ 12 

X1,X2,X3,X4 >' O. 

Only an outline of steps which lead to the graphical solution is presented, since 
there are no new concepts. The strategy is the same as is usually employed in solving 
systems of equations. First we achieve a reduced three-variable problem and then 
from that a reduced two-variable problem which may be solved graphically. If the 
reduction has been achieved using judicious substitutions, then we may work back 
through the problem (graphically) to its solution. 

As a first substitution, choose X = 5X2 + 7X3. Using (d) + k(e) and (d) + k(f) 
we may obtain 

maximize Z1 = 4x1 + X -x4 

subject to 

(12) 13x1 + 2X - 7x4< 65 

35x, + 2X + 92x4 ?252 

xl >0 , X > 0, x4 >? 0. 

Continuing, with Y = X -x4 it is easy to achieve 

(13) maximize Z2 = 4x1 + Ysubject to 1397x1 + 198Y _ 7370 

xI _ 0, Y unrestricted in sign. 

The graphical solution of (13) is (x1, Y) = (0, 335/9), where Z2 = 335/9. With 
x1 = 0 the solution of (12) may also be achieved graphically and is (X, X4)= 

(352/9, 17/9), where still Z4 = Z2 = 335/9. Continuing with xl = 0 and x = 17/9, 
problem (11) is now a two-variable problem whose solution is the solution of the 
system 

5x2+ 7x3 935 

-x2+ 3x3? 22 

(14) 62 
X2 + X3 _9 

2X2- 2X3 < 40 

X20, X3 ?0. 
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System (14) yields (x2, x3) = (41/9, 7/3), where max Z = 335/9. Then we have 
again achieved a feasible solution of (11) so that max Z = Z = Z2 = 335/9, or 
an optimal solution for (11) is (x1,x2,x3,x4) = (0, 41/9, 7/3, 17/9). 

Comments on possible conjectures. A first likely conjecture that one might 
make in view of the examples (1) and (11) is that the technique will only work those 
problems for which all "activity" constraints are satisfied with equality. That such 
is not the case may be demonstrated by considering the problem 

maximize Z = 4x1 + 5x2 - 3X3 

subject to X1 + X2 + X3 = 10 

(15) X1 - X2 > 1 

2x1 + 3X2 + X3 < 20 

X1 > 0, X2 > 0, X3 > 0. 

Using the substitution X = 4x1 + 5x2 it is possible to reach 

maximize Z1 = X - 3X3 

subject to 

(16) 2X + 9X3 < 89 

X + 3X3 < 40 

X > 0, X3 0 

which has the solution (X, X3) = (40, 0), where Z = 40. Then (15) has the solution 
(x1,x2,x3) = (10, 0, 0) with max Z = 40, but the second constraint is not satisfied 
with equality. 

Secondly, one might suspect that if a final two-variable reduced problem may 
be achieved and solved graphically, then always max Z = Z*, where j is the 
number of reductions. Again an invalid conjecture in view of 

rmaximize Z = lOx1 + x2 + 2x3 

subject to 

(17) xl + x2 - 2x3 ; 10 

4x1 + x2 + X3 ?20 

l XI,X2tX3 > 0. 

Using X = lOx1 + 2x3 problem (17) reduces to 

Maximize Z1 = X + x2 
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F subject to 

(18) . 9X + 24X2 < 460 

X > O X2 ? 0 

which has the solution (X, x2) = (460/9, 0), where Z* = 460/9. But (17) is solved 
by (xl, X2, X3) = (5, 0, 0), where maxZ = 50 < Z4 = 460/9. Notice, however, that 
if from the solution of (18) we use x2 = 0 in (17), the optimal solution of (17) is 
gained. Will that strategy always achieve max Z? 

One observation that is obviously true follows. If one of the original constraints 
is an equality, a first reduction is always possible. The more interesting question is: 
If a first reduction is possible, can a final two-variable reduced problem always be 
reached? 

Of course the larger question is: What is a general class of linear programming 
problems that yield to this technique? Obviously there are classes that do not; for 
example, those problems for which the number of activity constraints is at least 
two less than the number of variables. 

Conclusion. The graphical solution of two-variable linear programming problems 
is easy to teach at almost any level of mathematical sophistication. The preceding 
examples suggest ways to extend that technique with a view to generating conjec- 
tures that are more or less difficult to resolve, depending upon the particular level 
of the student. In any event, the idea is at least entertaining. 

EGYPTIAN FRACTION EXPANSIONS 

ROBERT COHEN, York College, City University of New York 

1. Introduction. It is well known that a positive fraction is expressible as a 
finite sum of distinct Egyptian fractions in an infinite number of ways (see Beck, 
Bleicher, Crowe [1] and J. C. Owings [3]). A positive fraction is called Egyptian if 
its numerator is 1. It is our intention to show a manner of expressing any positive 
real number as a unique sum of distinct Egyptian fractions. To this end, an algorithm 
is presented in the proof of the theorem below which terminates in no more than p 
steps if x is a positive rational number of the form p/q; the algorithm is nontermi- 
nating when x is an irrational number. The Egyptian fraction expansion of the real 
numbers leads us to construct two bijections. The first mapping is an explicit bijection 
of the set of the positive rational numbers onto the set of positive integers. The 
second bijection is an explicit map of the set of positive real numbers onto the set of 
sequences of nonnegative integers. 

2. Egyptian fraction expansions. We shall say that a positive real number x 
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F subject to 

(18) . 9X + 24X2 < 460 

X > O X2 ? 0 

which has the solution (X, x2) = (460/9, 0), where Z* = 460/9. But (17) is solved 
by (xl, X2, X3) = (5, 0, 0), where maxZ = 50 < Z4 = 460/9. Notice, however, that 
if from the solution of (18) we use x2 = 0 in (17), the optimal solution of (17) is 
gained. Will that strategy always achieve max Z? 

One observation that is obviously true follows. If one of the original constraints 
is an equality, a first reduction is always possible. The more interesting question is: 
If a first reduction is possible, can a final two-variable reduced problem always be 
reached? 

Of course the larger question is: What is a general class of linear programming 
problems that yield to this technique? Obviously there are classes that do not; for 
example, those problems for which the number of activity constraints is at least 
two less than the number of variables. 

Conclusion. The graphical solution of two-variable linear programming problems 
is easy to teach at almost any level of mathematical sophistication. The preceding 
examples suggest ways to extend that technique with a view to generating conjec- 
tures that are more or less difficult to resolve, depending upon the particular level 
of the student. In any event, the idea is at least entertaining. 

EGYPTIAN FRACTION EXPANSIONS 

ROBERT COHEN, York College, City University of New York 

1. Introduction. It is well known that a positive fraction is expressible as a 
finite sum of distinct Egyptian fractions in an infinite number of ways (see Beck, 
Bleicher, Crowe [1] and J. C. Owings [3]). A positive fraction is called Egyptian if 
its numerator is 1. It is our intention to show a manner of expressing any positive 
real number as a unique sum of distinct Egyptian fractions. To this end, an algorithm 
is presented in the proof of the theorem below which terminates in no more than p 
steps if x is a positive rational number of the form p/q; the algorithm is nontermi- 
nating when x is an irrational number. The Egyptian fraction expansion of the real 
numbers leads us to construct two bijections. The first mapping is an explicit bijection 
of the set of the positive rational numbers onto the set of positive integers. The 
second bijection is an explicit map of the set of positive real numbers onto the set of 
sequences of nonnegative integers. 

2. Egyptian fraction expansions. We shall say that a positive real number x 
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has an Egyptian fraction expansion provided 

(1) x = nO + I 1 
in' ... ni 

where no is a nonnegative integer and n1, n2, ' is a nondecreasing sequence of 
positive integers with n1 > 2, and no term of the sequence appears infinitely often. 
If x is a nonnegative integer, then no = [x] and the summation in (1) is vacuous. 
Thus, the numbers 4/73, 21/13, e, 12 have the following respective expansions: 

4 1 1 1 1 
73 19 19 25 19 25 37 19 25 37*73 

21 1 1 1 1 1 + ~~+ + 13 2 25 2 57 2 5 7 13 

1 1 1 1 
e =2 + -+ 2-3 -+ + +- +4. 2 2-3 2-34 

/2 =1 + -3 + 3 5 + 3w5w+ + + 3*5-5 3-5*5*16 3*5*5*16*18 

LEMMA. For any number y satisfying 0 < y < 1, there exists a unique integer 
n > 2 and a unique number r such that 1 =ny-r and 0 < r < y. (Of course n is 
the least integerfor which ny > 1.) 

Proof. Clear. 

THEOREM. Any positive number x has a unique Egyptian fraction expansion. 
This expansion terminates if and only if x is rational. 

Proof. Let no = [x], and y = x - no. We suppose, without loss of generality, 
that x is not an integer. Then 0 < y < 1. We set ro = y, and use the Lemma and 
induction to choose integers n1, n2, ...> 2 and numbers r, > 0 such that 
1 = ni ri1 - ri and 0 < r, < ri- 1 for each i. Here we understand that the sequence (ri) 
terminates with rj for some j if ro > r1 > ... > rj -1 > rj =0 and this sequence does 
not terminate if rk > 0 for all k > 0. Also 2 < n1 < n2 ? n3 < ... follows from 
ro > r1 > r2 > * * and our use of the Lemma. Repeated application of 1 = niri_ -r 
and induction on k show that for each k > 0, 

(2) ~~~ ~ ~~~~k 1 t-k (2) Y = I --_ + 
i=1 n,*.. ni n*.. ni 

From (1) and 0 < rk < 1 < 2 < nk it follows that 

(3) Y=1 
in, .. n, 

Now suppose that x is a rational number. Then y = p /q where p and q are positive 
integers. From 1 = niri- 1 - ri it follows that each ri is an integer divided by q. From 
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this and ro > r1 > r2 ? 0 it follows that the sequence (ri) terminates with rj = 0 
for some j < p. Thus the series in (3) terminates. On the other hand, if the series in 
(3) terminates, y and x are clearly rational. 

Now suppose that x is irrational and there is a j and an integer n such that ni = n 
for all i > j. Then (3) reads 

z 1 + 1 1 
i=1 n, ..ni n ...iij >j n 

Since Xj>j 11(n-j) = I /(n - 1), it follows that y and x are rational, which is impos- 
sible. Thus (ni) is unbounded if x is irrational. 

It remains to prove uniqueness. Suppose that x has the expansions 

x = nO + X ---=mO+ - 
i n .. ni i n1}I ..Mi 

Since 2 < ni, we have 

(4) I = 

i>l In, .. ni -i>l 21 

This last inequality is strict because the series on the left side of (4) terminates if x is 
rational, and ni > 2 for some i if x is irrational. Likewise Yi >1 1 /mn. mi < 1. So 
no = [x] and rno = [x]. Thus no = mo and 

I ~~~~I 

1 1 ji_, nl z ni i_ l ml ... in 

Letw= --. Then n1w = + and 
i1n .l. ni i>2 n2 *- ni 

I = n,w_L 
i>2 .2. ni 

But 

O' ? < <1 
i?2 n2 ni j_l n, .. ni 

so n1 is the integer determined by w in the Lemma. Likewise m1 must be the same 
integer and n1 = m1. Moreover, 

S 1 E~~~~~~ 
i?2 n2..ni i?2M2..Mi 

Repeated applications of this principle give n1 = m1, n2 = M2, n3 = m3,5 . This 
proves uniqueness. 

3. A class of transcendental numbers. We may construct a large class of trans- 
cendental numbers by imposing the following restriction on the sequence (ni): let 
no = 0 and n 1 > 2, and let ni + 1 satisfy the inequality 

n.+1 > (n1 ... nj)n + 1 for i _ 1. 
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The resulting real number with the Egyptian fraction expansion (1) is transcendental 
if we appeal to Liouville's theorem in [2]. 

Remark. Noting that e has a simple Egyptian fraction expansion, it is natural 
to ask whether other well known numbers, e.g., 7t, y, 12 have similarly elementary 
expansions. Is there an orderly rate of growth of the sequence (ni) which characterizes 
an algebraic number when viewed as an Egyptian expansion? 

4. Two bijections. A bijection from the positive rationals onto the positive 
integers will now be constructed. First we construct a bijection from the rationals in 
the interval (0,1) onto the positive integers. Let y be a rational number such that 
0 < y < 1. We use the algorithm of the theorem to produce the integers nl, n2, * * nk. 

Let N = 21l2 + 2n2-1 + ... + 2Ik?k-3 where 2 < n1 < n2 < *' < nk. The mapping 
0: y N is invertible, since any positive integer M may be put into binary form 

M=2??1 +2m2+ +.+2 Mk where 0<m <m2< .<mk so that q1::M- z 
where 

1 + 1 + + 1 

ml + 2 (ml + 2)(M2 )(12 + 1) +1)( -k + 3) 

The desired bijection of the positive rationals onto the positive integers is given by 
x 4- 0(X/x + 1). 

We now construct a bijection of the set of positive real numbers onto the set of 
sequences of nonnegative integers. Let x be a positive rational number. Use the 
algorithm again on x/(x + 1) to produce the integers n1, 112, ,nk. We define no 
differently. Let no denote the number of subscripts i for which 1 < i < k - 1 and 
ni = nk. We associate x with the sequence no, n1 -2, n2- n-1, n3 -n2, , nk 
- nk -, 0, 0, 0, ... . This provides an explicit bijection of the set of positive rational 
numbers onto the set of sequences of nonnegative integers with finitely many positive 
terms. 

On the other hand, let x be a positive irrational number. We use the algorithm of 
the theorem on x to determine the integers no, n1, n2, 7Z3, ** . We associate x with the 
sequence no, n1 - 2, n2- n, n3- n2, ... This provides an explicit bijection of the 
set of positive irrational numbers onto the set of sequences of nonnegative integers 
with infinitely many positive terms. 

Finally, we have an explicit bijection of the set of positive real numbers onto the 
set of sequences of nonnegative integers such that irrational numbers correspond to 
sequences with infinitely many positive terms and rational numbers correspond to 
sequences with finitely many positive terms. If the sequence (MO, Ml, M2 ... ) has 
infinitely many positive terms then it corresponds to the number 

1 1 
X=m0 + 2+ml +(2+m,)(2+ml+M2) 

(2 + ml)(2 + ml + M2)(2 + ml + Mr + mi3) 
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which we have shown to be irrational. If, on the other hand, mnj is the last positive 
term, the sequence corresponds to the number x = y/(l - y) where 

_ 1 1 1 
y ~ ~+ +4 2+ml (2 + m1)(2 + in1 + in2) (2 + m1) .(2 + m1 + + mj_1) 

1 -nO1 ] 
+ Y 

(2 + mj .. (2 + mn, + *@+ ini) i=O (2 + ml + + m 

which is of course rational. 

The author wishes to express his thanks to the referee who suggested this second mapping and 
for his helpful comments in organizing this paper. 

References 

1. A. Beck, M. Bleicher, D. Crowe, Excursions into Mathematics, Worth Publishers, New York, 
1969. 

2. A. Ya. Khinchin, Continued Fractions, University of Chicago Press, Chicago, 1964, p. 47. 
3. J. C. Owings, Another proof of the Egyptian fraction theorem, Amer. Math. Monthly, 75 

(1968) 777-778. 

THE PERMANENT FUNCTION AND THE PROBLEM OF MONTMORT 

JAMES J. JOHNSON, The University of Mississippi 

The problem of Montmort is concerned with D, the number of distinct ways 
n objects can be arranged with no object remaining fixed. Several methods [1, 
pages 23 and 31] have been employed to obtain 

n 
(1) Dn = n! (-1) 

i=O 

It is interesting to the author that H. J. Ryser [1, page 28], showed 

(2) Dn = per(S,,), 

where Sn = (sij) is an n-square (0,1) matrix with sij = 1 - bij (bij denotes the 
Kronecker delta). Thus, Sn is the square matrix with zeros on the main diagonal, 
and I's in all other positions. For example, 

-0 1. 1 

S3= I 0 II. 

_1 1 0o 

In this paper, we shall assume (2), but not (1), and develop a new, algebraic method 
for evaluation of per(S,,), based on two properties of the permanent function. 
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which we have shown to be irrational. If, on the other hand, mnj is the last positive 
term, the sequence corresponds to the number x = y/(l - y) where 

_ 1 1 1 
y ~ ~+ +4 2+ml (2 + m1)(2 + in1 + in2) (2 + m1) .(2 + m1 + + mj_1) 

1 -nO1 ] 
+ Y 

(2 + mj .. (2 + mn, + *@+ ini) i=O (2 + ml + + m 

which is of course rational. 

The author wishes to express his thanks to the referee who suggested this second mapping and 
for his helpful comments in organizing this paper. 
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THE PERMANENT FUNCTION AND THE PROBLEM OF MONTMORT 

JAMES J. JOHNSON, The University of Mississippi 

The problem of Montmort is concerned with D, the number of distinct ways 
n objects can be arranged with no object remaining fixed. Several methods [1, 
pages 23 and 31] have been employed to obtain 

n 
(1) Dn = n! (-1) 

i=O 

It is interesting to the author that H. J. Ryser [1, page 28], showed 

(2) Dn = per(S,,), 

where Sn = (sij) is an n-square (0,1) matrix with sij = 1 - bij (bij denotes the 
Kronecker delta). Thus, Sn is the square matrix with zeros on the main diagonal, 
and I's in all other positions. For example, 

-0 1. 1 

S3= I 0 II. 

_1 1 0o 

In this paper, we shall assume (2), but not (1), and develop a new, algebraic method 
for evaluation of per(S,,), based on two properties of the permanent function. 
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1973 THE PERMANENT FUNCTION AND THE PROBLEM OF MONTMORT 8 1 

Recall that per A is defined as 

perA = I aj1a2i2 .anin, 

where the sum extends over all permutations (i1, i2, i,n) and A = (aij) denotes 
an n-square matrix. The permanent resembles the familiar determinant function, 
detA; they differ in that the terms in the perA summation all have positive sign, 
whereas those in detA have signs depending on the permutation (i1, i2, "', in). Two 
properties of the permanent function follow immediately from the definition: 

(1) if B is a mnatrix obtained from A by the interchange of rows (or columns) 
of A, then perB = perA; 

(2) if A = (a;j) is an n-square matrix, then perA = I j per A(i,j) 
(i = 1, 2, , n), where A(i,j) is the matrix obtained from A by deleting the ith row 
and jth column. 

Let Tn be defined as an n-square matrix (tij), where tij = 0 for i = 2, ,n, 
and tij1 = otherwise. Thus Tn and Sn are identical, except in the upper left corner 
entry, the (1, 1) position. Here Tn has a 1, while S,t has a zero. So, for example 

T3= 1 0 1 

1. 10 0 

Observe, by using property (2), with i = I (that is, expanding the permanent 
by the first row), 

0O 1 1 1 
I 0 1 1 

per S4= per 
F 1 0 1 

1 1 
1 

0 

0-per I 0 1 + per K 0 1 

I 0 1 F1 1 
+ per Li 1 1 + per 1 1 0 

y1 i of i[ e IKI J 
I -10 1' -1 I V, 

By interchanging the first and second rows of I I I we obtain 1 0 1|. 
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I 0 1 l1 1 1t 
Also, by interchanging the first and the third rows of I 1 0 , we obtain 1 1 0 

and then interchanging the second and third rows of this matrix we have 1 0 1 
t1 1 0oJ 

Thus, using property (1),we have 

I1 0 1.11 I -1 I 

per I 11 1 -per F1 0 1b per T3 
LI 1 0J i 1. oJ 

Il O 1 - 1 15 

and per t 1 0 per 0 1 =per T3. 
IJ 1. IJ -1 1 oj 

Hence, per S4 = 3 per T3 = (4-1) per T3 . This leads us to our first lemma. 

LEMMA 1. If Sn and Tn are defined as above, then per S, = (n-1) per T/_-. 

Proof. Using property (2), we have 

n 
perSn = E per[Sn(1,j)]. 

j =2 

But the (j - l)th row of Sn(1,J) consists only of l's and each remaining row con- 
sists of l's and exactly one zero, which is not in the same column as any of the other 
zeros of S,,(1,j). Hence, as demonstrated in the preceding example, by permuting 
rows of Sn(I,J) and using property (1), for j $ 1, we have 

per[Sn(j)j = perTn_1. 

Thus, per S,, = J2 per TI>_ = (n-1) per TI_j. 

LEMMA 2. per T> =perSn-2+(n-2) per T'2- 

Proof. From property (2), 

n -1 
perTn1 = I per[Tn_ .(Ilj)]. 

j=1 

But per [T.-1(l, 1)] = per Sn-2 . Since each row of TnI, is identical to the corre- 
sponding row of Sn-1 except for the first, we have T,,-1(1,j) = Sn-(1,J). Also, in 
theproofofLemma2 itwas shown thatperSn_ (l,j) = perTn2 .Thus, per Tn_(1,]j) 
-per Tn> 2. Therefore, per Tn = perS2 + In - per Tn2 = per S,,-2 + (n-2) 
per T, 2. 

LEN'IMA 3. per Sn = (tn-I ) [per Sn - + per Sn2] . 

Proof. From Lemma 1 and Lemma 2, we have 
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per Sn = (n-1) per (Tn -1) 

= (n-1) [per(Sn-2) + (n - 2) per (T.2 

Now using Lemma 1 again, we have 

per T_2 = -2per(Sn-1). 

Substituting this in the above expression, we obtain the lemma. 

i 1 THEOREM. per Sn = n! X (-1) i 
i=O i 

Proof. We prove this by mathematical induction. For n = 1, per S1 = per (0)= 0 
and , ' ! _ (-i 1)/i! = 1 + (-1) = 0. Now, let k denote a positive integer and 
assume the theorem holds for all n < k. Thus, using Lemma 3, we have 

per Sk+l = ((k + 1)- l)(perSk + perSk.l) 

- k[k! E Sk + (k-i)! pSk -!] 

k![ A (-1)'. + - (i)+ ()i)k]i 

i -o k! + 
- o 

i=O i=O~~~~~~~~iO . 

[k 
k 

(k-)i1 (_ 

k!(k+i)[ I ( i! (k+ ik 

k?1 (-1i)i 

i=O = 

= = (k k+ 1)! iO i! 

This proves the theorem. 
We remark that Ryser [1, page 31] derived the recurrence relation 
n= (n - )(Dn +Dnk2) which is our Lemma 3 by combinatorial arguments 

and asserted that induction could be used to obtain (1). 
The author wishes to thank the referee for his helpful suggestions which im- 

proved very much the clarity of the earlier version of this paper. 

Reference 

1. H. J. Ryser, Combinatorial Mathematics, Chaps. 2 and 3, Carus Mathematical Monograph 
No. 14, Mathematical Association of America, 1963. 
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ALMOST PERFECT NUMBERS 

R. P. JERRARD and NICHOLAS TEMPERLEY, University of Illinois 

1. Introduction. We will denote the sum of all of the factors of a positive 
integer M by c(M). A number M is perfect if the sum of its factors, counting 1 but 
not counting M, is equal to M. We shall call M perfect-minus-one (PM1) if the sum 
of its factors, counting for the sake of symmetry neither 1 nor M, is equal to M. We 
put 

(1) F(M) = 2 -(M), 

where F(M) is the factor difference of M. If F(M) = 0, M is perfect, if F(M) =-1, 
M is PM1. Evidently nothing is known about PMt numbers. Our purpose is to 
provide some information, though we do not know whether such a number exists. 

2. PM1 numbers. Suppose that K = 2np1"p2 p's, where the numbers Pi are P1 P2 pswee nmesp r 
odd primes. The sum of all the factors of K is given by 

o(K) = (2n + - 1) P;- 1 2 I pUs +1 
P1i P2 l PS' 

Our principal result is the following 

THEOREM. If K is PM1, then K is an odd square. 

Proof. If K is PM1, then 

a(K) = 2K + 1. 

Since the right hand side is odd, each factor in our representation of c(K) must be odd. 
Now the first factor is always odd, and (pm+1 - 1)/(p - 1) = 1 + p + p2 + + p,n, 
which if p is odd is the sum of (m + 1) odd numbers. Hence all of the exponents ni 
must be even, and K has the form 

K = 2'n2 n 1 2n1... 2 n= 2nM2 
~Pi P2 **PS 

Sustituting K = 2"M2 into (1) and using i(K) - (2" +'1 -)U(M2) we find 

Um)- Ad2 2 M+ 1 u(M2)-M2 =2",'- 1 = integer 

and 
-=( - 1) mod (2"+I - 1). 

But (-1) is a quadratic residue of primes of the form 4k + I and a nonresidue of 
primes of the form 4k + 3 [3]. Further, 2"+' - .1 always has a prime factor of the 
form 4k + 3 for it is itself of the form 4k + 3 (n > 0). Thus the congruence has no 
solution and the theorem is proved. 

We now know that if N is PM 1 it has the form 

N = p 2t2l 2tn2 p2n,9 pi odd 

84 
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hereafter we shall denote by N a number exactly of this form. We give below some 
necessary conditions for N to be PM1. 

PROPOSITION 1. If F(L) < 0 and M = kL, then F(M) < F(L). In particular, if 
F(L) < 0 then no multiple of L can be PM1. 

Proof. Case 1. M = Lp" where p is not a factor of L. We have c(M) 
- cr(L)(p + -l)/(p - 1), and using eq. (1) we find 

(2) F(L) - F(M) = [2L - pF(L)] P -, 

from which the conclusion follows. 

Case II. M = LpK where p!' is the higest power of pi which divides L. Here 
a(M) =(L) (p - 

+ 1) /(p7T + 1) and we find 

F(L) - F(M) = [2L - p. F(L)]-P 1 

The right hand side is positive if F(L) < 0 so the proof is complete. We find for ex- 
ample that F(32 .2 . 72) = - 919, and therefore no multiple of this number is PM1. 
This is the smallest odd square with a negative factor difference. 

PROPOSITION 2. If N is PM1 then 

P-i '-P--S p1 3 ) N _pi-_ PS I) 

Proof. We again start with (1), and divide by N to obtain 
2 

n11 _ _ 2 2 F(N) 

Pi l(p1-1) PS(Ps-1) N 

The left hand side is a monotone increasing function of n1, n2, , n.. Its minimum 
occurs when n, = n2 = = ns = 1, and it is bounded above by its limit as ni -+ ?? 
(1 = 1,2, **,s). Therefore 

P1-1 pS-1 F(N) 'Pi Ps 
PI,(p 1) Ps,(Ps1) = N Pi-I PS D- 

If N is PM1 then F(N) = - 1 and the proof is complete. 
Proposition 2 gives a fairly stringent necessary condition for N to be PM1. It 

says in particular that (Pi /p, - 1) (P2 /P2 - 1) ... (P. A - 1) > 2 if N is PM1. Thus 
is 3 not a factor of N and we satisfy this condition using consecutive primes after 3 
(which gives the smallest N and the least number of primes) we find that every prime 
from 5 to 23 must be a factor of N. Therefore, if 3 is not a factor of N and N is 
PM1, the number of distinct prime factors of N is at least 7 and 

N > (5 7 11 13 17 19 23 )2 = 1 382,511,906,801,025. 
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More general arguments of this type are given in [1], with reference to perfect 
numbers. 

PROPOSITION 3. If M = Np2", p , N and M is PMl, then 

2N I1 2N 
F(N) p FN 

In particular, 
2N 1 2N 

F(N) 3 F(N) 

Proof. From Case [ of Proposition I we have 

(2) F(N) - F(M) = [2N - pF(N)] - P -I 

If M is PM1, then F(N) ? 0 and F(M)- 1. It follows that 2N - pF(N) > 0, so 
the right hand inequality is proved. 

To prove the left hand inequality we put F(M)= -1, n = 1, in the above 
equation and have 

F(N) + 1 ? [2N - pF(N)] (p + 1). 

Since 2N - pF(N) is an integer greater than zero, we see that F(N) > p. Further, 
rearranging yields 

2N 1 1 
P- F(N) p + 1 F(N) (p + 1)' 

and using F(N) > p gives 

2N I 
=-F(N) p 

This proposition says that if F(N) > 0 and M = Np2", there is at most one 
candidate for the prime p if M is to be PM1. It provides a convenient way of seeking 
PM1 numbers. 

We carried out a search for PM1 numbers by computing F(K2) for each odd 
number K which is divisible by 3 up to K = 9999. This was done on a large computer 
in 22.72 seconds at a cost of $5.25. We are indebted to Mr. Lynn Trowbridge for the 
programming. The results indicate that the likelihood of finding a PM1 number by 
routine calculation is small. In all but one case the number of digits of K2 minus the 
number of digits of F(K2) was 0, 1, or 2. The exception was K = 3 . 7 . 11 . 13, where 
F(K2) = F(9018009) = 819. This was the smallest factor difference found for any 
K > 45. 

3. Perfect and PP1 numbers. We shall call a number K perfect-plus-one (PP1) 
if F(K) = 1. Every power of 2 is PP1 but we do not know any other examples. The 
proof for PM1 numbers shows that whenever F(M) is odd, M has the form 2WN, 
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where N is an odd square. Also, it is easy to see that if M = K(2K - 1) where K is 
PP1 and (2K - 1) is prime, then M is perfect. The even perfect numbers are examples 
of this. It follows that each even PP1 number M such that 2M - 1 is prime is a power 
of 2. 

Proposition 3 is true for PP1 numbers; the proof is the same. For odd perfect 
numbers we find: if M = Np" and M is perfect, then(2N /F(N)) - (1 /(p + 1)) < p 
< (2N /F(N)), the equality occurring when n = 1. Using this proposition it is easy to 
see, given N and F(N), whether any number of the form M = Np" (p # pi) is PP1, 
perfect, or PM1. Failing this, one can obtain numbers with relatively small factor 
differences. 

In the above example K = 3 . 7 11 13 and 2K2/F(K2) = 22022 exactly. The 
nearest prime is 22027, so no number of the form K2p" is PP1, perfect, or PM1. We 
do find that if M = 22027 K2 

F(M) = F(198,639,683,243) = 4914. 

Though this is hardly a small factor difference, we note that 2M and a(M) agree to 
eight decimal places. 
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PROPERTIES OF A GAME BASED ON EUCLID'S ALGORITHM 

EDWARD L. SPITZNAGEL, JR., Washington University 

1. Introduction. In a recent paper [3] Cole and Davie have described a remark- 
able little game based on the Euclidean algorithm. Appropriately, they have given 
it the name Euclid. As they point out, Euclid furnishes a simple example of a game 
with an explicit winning strategy. In [3] the authors were primarily concerned 
with the exposition of that winning strategy and did not mention any of the other 
intriguing features of Euclid. In this paper we give an account of some of these other 
features. 

We first give a brief account of the game and winning strategy, thus making 
this paper self-contained, and then pass on to study the other properties. 

2. Rules and strategy. We paraphrase the rules of Euclid from [3]: Let (p, q) 
be a pair of positive numbers satisfying p > q and let A, B be two players. Each 
player in turn must move. A move consists of replacing the larger of two numbers 
given him by any nonnegative number obtained by subtracting a positive multiple 
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where N is an odd square. Also, it is easy to see that if M = K(2K - 1) where K is 
PP1 and (2K - 1) is prime, then M is perfect. The even perfect numbers are examples 
of this. It follows that each even PP1 number M such that 2M - 1 is prime is a power 
of 2. 

Proposition 3 is true for PP1 numbers; the proof is the same. For odd perfect 
numbers we find: if M = Np" and M is perfect, then(2N /F(N)) - (1 /(p + 1)) < p 
< (2N /F(N)), the equality occurring when n = 1. Using this proposition it is easy to 
see, given N and F(N), whether any number of the form M = Np" (p # pi) is PP1, 
perfect, or PM1. Failing this, one can obtain numbers with relatively small factor 
differences. 

In the above example K = 3 . 7 11 13 and 2K2/F(K2) = 22022 exactly. The 
nearest prime is 22027, so no number of the form K2p" is PP1, perfect, or PM1. We 
do find that if M = 22027 K2 

F(M) = F(198,639,683,243) = 4914. 

Though this is hardly a small factor difference, we note that 2M and a(M) agree to 
eight decimal places. 
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PROPERTIES OF A GAME BASED ON EUCLID'S ALGORITHM 

EDWARD L. SPITZNAGEL, JR., Washington University 

1. Introduction. In a recent paper [3] Cole and Davie have described a remark- 
able little game based on the Euclidean algorithm. Appropriately, they have given 
it the name Euclid. As they point out, Euclid furnishes a simple example of a game 
with an explicit winning strategy. In [3] the authors were primarily concerned 
with the exposition of that winning strategy and did not mention any of the other 
intriguing features of Euclid. In this paper we give an account of some of these other 
features. 

We first give a brief account of the game and winning strategy, thus making 
this paper self-contained, and then pass on to study the other properties. 

2. Rules and strategy. We paraphrase the rules of Euclid from [3]: Let (p, q) 
be a pair of positive numbers satisfying p > q and let A, B be two players. Each 
player in turn must move. A move consists of replacing the larger of two numbers 
given him by any nonnegative number obtained by subtracting a positive multiple 
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of the smaller number from the larger number. The winner of the game is the person 
who obtains 0 for the (new) smaller number. For example, starting with the pair 
(51, 30), the successive moves in the game could be: 

(51, 30) or (51, 30) 

A: (30, 21) A: (30, 21) 

B: (21, 9) B: (21, 9) 

A: (9, 3) A: (12, 9) 

B: (3, 0) B wins B: (9, 3) 

A: (3, 0) A wins. 

The strategy can be summarized as follows: 

DEFINITION. Let 

c = (15 - 1)/2 _ .618. 

(This is the golden section.) Let (p, q), p > q be a pair occurring in the game of 
Euclid. Call (p, q) a safe position if q/p > c. Otherwise call (p, q) an unsafe position. 

PROPOSITION 1. A player moving from an unsafe position is always capable 
of moving to a safe position. 

PROPOSITION 2. A player moving from a safe position can make just one move 
and that move will always be to an unsafe position. 

Combining the above two results, we see that a player A who once is given an 
unsafe position from which to move can ensure that in all future moves he, A, will 
always be able to move to safe positions and that the other player, B will always 
be forced to move to unsafe positions. Since the larger number p strictly decreases 
as the game progresses and since p # q at the start, the game must eventually pass 
through the unsafe position 

(1) (kq,q) k an integer > 1. 

Therefore the winning strategy is for A always to move to safe positions until B is 
forced to move to position (1). Then A can produce 0 on his next move and win. 

3. Strategy without the golden section. Can a person be taught the winning 
strategy without his knowing the golden section c? The answer is yes. A close look 
at the game reveals the following result: 

PROPOSITION 3. Let p > 2q and let p/q be nonintegral. Then the person A about 
to move can move to at least two positions, but exactly one of all his possible 
moves will yield a safe position1. If po denotes the remainder upon division of p 
by q, and p, = po + q, then the safe position is whichever of 
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(p1, q) (q, Po) 

has the larger ratio of second entry to first entry. 

Proof. Since q/p < 1/2 < c, the position from which A moves is unsafe. By 
Proposition 1, therefore, A is able to move to a safe position. The various positions 
to which A can move are (q, Po), (Pl, q), and all positions of the form 
(po + kq,q), k = 2,3, , such that p0 + kq < p. Since for k ? 2, q/(po + kq) 
< q/(kq) = 1/k < c, the only two positions that can possibly be safe are (q, po) 
and (pt, q). We know at least one must be safe, and we will now show that both 
cannot be. Suppose (q, po) is safe, so that po/q > c. Then 

Pt = p +q = Po+ >C+ _ = 1. 
q q q c 

Therefore, q/p1 < c, so that (Pl, q) is unsafe. We have now shown that exactly one 
of (q, Po), (Pl, q) is safe. That is, exactly one of these pairs will have ratio of second 
entry to first entry greater than c. Therefore, whichever pair has the larger ratio 
of second entry to first entry is the unique safe position. This completes the proof. 

In Euclid the only two types of position (p, q) at which one has a choice of moves 
are those in which 

(1) p/q is an integer ? 2, or 
(2) p > 2q and p/q is not an integer. 

The latter case is the hypothesis of Proposition 3. 
Therefore, the strategy can be rephrased as follows, with no mention of the 

golden ratio c: If there is a choice of moves and p/q is an integer, return 0 and win. 
If there is a choice of moves and p/q is not an integer, compute 

Po = remainder after p is divided by q 

P1 = po+q 

and move to whichever of (pl, q), (q, po) has the larger ratio of second to first entry. 
Of course, one need not actually compute the ratios to determine which is thb 

larger. If pop, < q2, then q/p1 is the larger ratio, so (Pl, q) is the safe position; 
otherwise (q, po) is the safe position. For example, when presented with the pair 
(70, 11), one would compute po = 4, P, = 15. Then since 4415 < 112, he would 
make the move (15, 11) rather than (11,4). 

4. Relation to Fibonacci series. Once the strategy has been mastered by a person, 
he is then likely to turn his interest to those parts of the game in which neither 
player must know the strategy -that is, those parts consisting of a string of moves 
in which neither player has any choice. In such a string of moves, each player in 
turn is presented with a pair of numbers p > q such that p < 2q and so can 
only move to the position (q, p - q). 
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Of course, eventually such a string must end, with one or the other player being 
presented with a pair of numbers (p, q) with p _ 2q. In case such a pair arises 
only once in the game, it occurs right at the end and is of the form (1). In this case, 
the various numbers in the ordered pairs can be found by working backward. They 
are: 

q, kq, (k + 1)q, (2k + 1)q, (3k + 2)q, (5k + 3)q,*.4 

The above sequence of numbers is q times a Fibonacci sequence. The fact that 
Fibonacci sequences are closely connected to the game is not surprising, since their 
relations to the Euclidean algorithm [4] and to the golden section [1,7] are well 
known. 

Now suppose we have a string of forced moves that ends in a position 
(po qo) , po > 2qo, not necessarily of the form (1). Working backward through the 
string, we again see a Fibonacci sequence, with the ith move prior to (po, qo) given 
recursively by 

(2) (pi, qi) -(pi- 1 + q- 1, p)- 1). 

Then we have the following result, similar to the well-known result [2, 5, 7] on the 
convergents of a continued fraction. 

THEOREM. Let pi atnd qi be defined recurtsively by (2), starting with the pair 
(pO, qo). Then 

(i) q2klP2k is ani increasing function of k, k = 0,91,2, 
(ii) q2k+1/P2k+1 is a decteasing function of k, k = 0,1,2,9. 

Proof. By (2) we have 

qi+pi- pi+(qi p-i(pi-I + qi-1) - (pi + qi)pi- 

- -(qipi - I-piq-)q 

Applying this result i times, we obtain 

(3) qi+ pi-pi+ lqi = (-1) (q1po - p1qo) 

Let d = q1po -p1qo. Then from (3) we obtain 

qi+l I qi =I_)i 
Pi+I Pi Pi+iPi 

qi+2 qi+1 1 1 
Pi+2 Pi+ I Pi+2Pi+ 

and therefore 

Pi+2 Pj\i+P 
P+c2 Pi PiP+ lPi Pi+2Pi+ 

Since Pi+2 > Pi, 
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1 - > 
Pi+ lPi Pi+2Pj+1 

and since po ? 2qo, 

d = q1po-p1qo 

= _-(Po + qo)qo 

? 2pOqo - poqo-q = qo(p- qo) 

> 0. 

Therefore 
qj+2 qi 
Pi+2 Pi 

for i even, while the reverse inequality is true for i odd. This completes the proof. 

Returning to the direction in which the game is played, we can thus say the fol- 
lowing about any string of forced moves: The player A who is once presented with 
two numbers of ratio q/p < c finds thereafter that the ratios of the numbers presented 
him steadily fall until finally he is given a pair with ratio ? 1/2 and so is enabled 
to make a decision. If player A always makes his decisions according to the strategy, 
then player B finds himself completely trapped. During the strings of forced moves B 
finds the ratios q/p given to him steadily rising to 1 while the ratios he must give 
to A steadily decrease until one falls below 1/2. Then A chooses a move that may 
lower the ratio of the numbers he gives to B, but as soon as the next string of forced 
moves begins, B finds once again that the ratios q/p given him go the wrong way, 
increasing toward 1, so that he never has an opportunity to make a decision. 

Compared to Nim, then, the workings of the strategy in Euclid lie much closer to 
the surface. In Nim, the opponent of a player following the strategy usually has 
more than one move open to him at every stage of the game except the last. He 
therefore does not get such an obvious warning that he is doomed to lose. In 
Euclid, on the other hand, the opponent of someone following the strategy is 
likely to notice his moves are being forced every step of the way, and from this 
observation it might be possible for him to determine what the strategy must be. 

5. Probability of starting with a safe position. Now that the strategy of Euclid 
has been explicated, there arises the question, What is the probability that an arbit- 
rarily chosen starting position is unsafe? 

The following would seem to be a reasonable interpretation of an arbitrarily 
chosen starting position: Both numbers are chosen from the set S of positive integers 
less than or equal to some positive integer n. The first number x is chosen with 
uniform probability from S, and the second is chosen with uniform probability 
from S - {x}. After the two numbers are chosen, they are labeled p and q so that 
p > q. 

Under these assumptions, standard probability arguments, as presented in [6] 
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show that q can be considered as drawn uniformly from the set {1,2, ,p -1}. 
Given p, we have 

P(q/p < c) = P(q < cp) 

= [Cp]/(p- l) 

where the square brackets denote the integral part. For large p, this fraction approaches 
c, so for large n, the probability of an arbitrarily chosen starting position being 
unsafe approaches c. That is, the first to move, player A, is the more likely to have 
a winning strategy available. 
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INTEGER POLYNOMIALS WITH PRESCRIBED INTEGER VALUES 

CHARLES SMALL, Queen's University, Kingston 

For a commutative ring R (with 1) we let U(R) denote the multiplicative group 
of invertible elements of R. Define S(R) to be the set of all a in R such that a + 2x 
is in U(R) for some x in R, and T(R) to be the set of all a in R such that a2 + 4y.is 
in U(R) for some y in R. Clearly S(R)g T(R): if a + 2x is invertible then so is 
(a + 2x)2 = a2 + 4(a + x)x. 

The subsets S(R) and T(R) arise in the study of Galois extensions of R; the 
rings R for which S(R) # T(R) are precisely those which have free quadratic ex- 
tensions which admit no normal basis (see [1]). Hence it is of interest to find rings R 
with S(R) 0 T(R). A naive search quickly produces many rings for which S(R) = T(R). 
The reader will have little trouble in seeing that this is the case, for example, when R 
is a field, or more generally a local ring; also when R is Z (ring of integers) or a 
polynomial ring in any number of variables over Z, or Z /n for any n; also whenever 
2 e U(R), and (at the other extreme) whenever 2 = 0 in R (or more generally whenever 
2 is in every maximal ideal of R). 

Nonetheless there are plenty of rings R for which S(R) # T(R). A colleague, 
N. Pullman, found the following example. Let R be the subring of Z x Z generated 
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 by (1,7), that is, the image of the homomorphism Z[X] -+ Z x Z defined by evaluation
 at (1,7). We claim that (1,7) itself is in T(R) but not in S(R). The first assertion is

 easy: it suffices to find an integer polynomial g(X) with 1 + 4g(1) = 1 = 49 + 4g(7),

 and g(X) = - (X - 1) (X - 5) is one such. (g(X) = - 2(X - 1) is another.) To see

 that (1,7) is not in S(R) we must show that no integer polynomialf(X) can satisfy

 1 + 2f(1)=+ 1 and 7 + 2f(7)= ?1. Iff(X) = ao + a,X + a2X2 + + anXn, we
 havef(7) -f(1) = 6a1 + (49 - 1)a2 + (7" - 1)an. By induction, this is divisible

 by 6, because 7' - l = 7(7i'-l 1) + 6. But with 1 + 2f(1) = + 1 (i.e., f(1) = 0 or

 - 1) and 7 + 2f(7) = ? 1 (i.e., f(7) =-3 or - 4) we can never have f(7) -f(l)
 divisible by 6.

 This argument does more than show that Pullman's example works: it shows

 that for any integer polynomial f(X), f(7) -f(1) is divisible by 6 = 7 - 1, and it

 suggests:

 THEOREM 1. Letf(X) be any integer polynomial and let a and b be any integers.
 Then a - b divides f(a) -f(b).

 To prove this using the argument indicated one needs only the lemma that

 a - b divides a' - b' for all i, which follows by induction from the identity

 2(a' - bi) = (a + b)(a'' - bi') + (a - b)(a' 1 + b- 1).

 Having proved a theorem, our next step must be to ask "What about the con-

 verse?" and we find:

 THEOREM 2. If a, b, c, d are integers such that a - b divides c - d, there is an

 integer polynomialf(X) such that f(a) = c and f(b) = d; in fact there is such an

 f(X) of degree < 1.

 To prove this, simply putf(X) = d + t(X - b) where t is the integer (c - d) /(a - b).

 (Looked at geometrically, f(X) "is" the line through the points with coordinates

 (a, c) and (b, d); the coefficients are integers because the slope is t. This takes the

 mystery out of the fact, contained in Theorems 1 and 2, that if there is any integer

 polynomial f(X) such that f(a) = c and f(b) = d, then there is one of degree ? 1.

 We will see below that when there is an integer polynomial taking prescribed integer

 values at n prescribed integers, there is one of degree < (n - 1).)

 We now have a new description of the ring R = {f(1,7) fe 4[X]} considered

 above, namely R = {(x, y) E Z x Z I x _ y mod 6}. This suggests how to manufacture
 a whole family of examples: for any positive integer n let Rn = {(x, y) E k x Z I x = y
 mod n}. Then, provided n _ 2 mod 4 and n > 2, the element (1, n + 1) is in T(Rn)
 but not in S(Rn).

 Theorem 2 begs to be generalized. Suppose we have distinct integers a1, a2, .*., an
 and integers b1, b2, ..., bn, not all equal. When is there an integer polynomial f(X)
 such that f(ai) = bi for all i = 1,2, ..., n? Theorem 1 gives an obvious necessary
 condition: ai-aj must divide bi - bj for all i $A j. Theorem 2 shows this is also
 sufficient, if n 2. Is it still sufficient when n > 2? We will show that the answer is

 no
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 Recall first that if we allow rational coefficients, there is a unique polynomial

 +(X) of degree < n with 4(a ) bi for all i = 1,2, ,n, namely

 +(X) =Il bi jii'-i

 (This is the "Lagrange interpolation formula", and it is discussed in [2, Section

 5.3] (Section 29 in the seventh edition of the original (German) version).) The
 coefficients of 0(X) can be computed (same reference), and we leave to the reader

 the exercise of showing that our divisibility condition (ai -aj divides bi - bj for
 all i :A j) is not sufficient to make them all integers. (It is enough, of course, to find a
 counterexample, say with n = 3.)

 It is conceivable, however, that we might still achieve f(ai) = bi for all i, where
 f(X) has integer coefficients, by considering polynomials f(X) of degree > n. We

 will show that this freedom is actually illusory: if there is an integer polynomial

 f(X) with f(ai) = bi for all i = 1, 2, ***, n then there is such an f(X) of degree < n.
 (This means that if any integer polynomial works, the coefficients of the Lagrange

 polynomial +(X) are integers.)
 The trick to showing that passing to higher degrees is of no avail lies in avoiding

 the "natural" basis 1, X, X2,... for the polynomials, and sticking instead to the

 kind of basis suggested by Lagrange's formula. For example the polynomials

 YO(X) = 1, Y1(X) = (X - a ),

 n

 Y2(X) = (X - a)(X -a2), X, Yn(X) = H (X - ai),

 Yn+l(X) = Yn(X)X, .., Yn+j(X)= Yn(X)Xj, X

 form a perfectly good basis, and clearly f (X) = LO < i<,, ciY,(X) takes exactly the
 same values at a,, a2, .,an as any given polynomial f(X) = YO?i c1iY(X), for the
 deleted basis elements Yi(X), i _ n, vanish at every ai.

 Finally, let us return to the question of finding rings R for which S(R) # T(R).

 The family of examples Rn, n = 6, 10, 14, ..., led above to some amusing computations
 with integer polynomials, but these rings seem somewhat artificial in the context in

 which the problem arose (Galois extensions of rings). A family of examples of much

 greater interest from this point of view can be constructed as follows. Let m be a

 square-free integer and let Rm be the ring of integers in the quadratic number field

 Q(l/m) (Q = rationals). Then, whenever m < - 1 and m _ 3 mod 4, 2 + Im is in
 T(Rm) but not in S(Rm). (To check the second assertion one needs to know that when
 - 1 > m 3 mod 4, U(Rm) { ? 13.)
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A NOTE ON CHEBYSHEV'S THEOREM 

ANTHONY A. GIOIA, Western Michigan University 

Chebyshev's theorem states that there are positive constants A and B such that 
Ax < (x) < Bx, x > 2, where T(x) = Z,<xA(n), and 

clog p, if n =p', prime p, a > 1 
A(n) = 

l0, otherwise. 

Shapiro [3] has shown that the existence of the constant B implies that of A, so that 
Chebyshev's theorem is a consequence of the result 

(1) T(x) = O(x). 

Although several proofs of (1) are known, many of those proofs are quite lengthy. 
While it is possible to gain elegance by first developing a convolution theory, it is 
undesirable in an introductory course in number theory to spend the time required 
to develop this heavy machinery. In this note, we give a proof of (1) which, though 
certainly not the most elegant, is shorter than many. Moreover, this proof has the 
pedagogic advantage of using a single theorem (stated below) to derive the principal 
lemmas needed (see (4) and (5)), as well as to prove (1) itself. 

THEOREM 1. Suppose p is the Mobius function, and f and g are functions of a 
real variable. Then 

f(x) = z g(x/n) -. g(x) = p /(n)f(x/n). 
n x n,x 

(For a proof, see [1; p. 79] or [2; p. 237]. Also, Spears [4] has proved the im- 
plication from left to right, which is all that is required in what follows.) 

We use these known results: 

(2) -=I log x + y +O y is Euler's constant, 

(3) X logn=xlogx-x+O(logx). 
n S x 

Both of these formulas are easy deductions from the Euler-Maclaurin sum formula. 
Also, we need the equation log n = ZdIf1A(d). 

Taking g(x) = 1 in Theorem 1, we get 

(4) M1(x) 
(l) 

nSx n 

Taking g(x) = x in Theorem 1, with (2) we get 

(5) M(x)_ log - = 0(1). 
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Since 

log n= A(d)= A(d)= z (-) 
n Sx n?_x dln n?x d_x/n n <x n 

by comparing this with (3), we have 

T x()= x log x-x + o(logx). 
n:!gx n 

Finally, we use Theorem 1 again, with g(x) = T(x) and f(x) = x log x - x + O(log x), 
to conclude that 

TI'(x) = p( 
x 

log 
x - n +Olog 

= xM2(x) - xM1(x) + O( 0 log ) 
n_x n 

= O(x)+O(x)+O( 0 logx - I logn) 
=0x n()x 

= O(x. 
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ON PALINDROMES 

HEIKO HARBORTH, TU Braunschweig, Germany 

In g-adic representation (g ? 2) we consider a positive integer 
In 

no = didm-l .ddo, O<di <g-1, 
i=O 

and the corresponding mirror number io (with the digits of no written in reverse 
order). The sum of these two numbers gives a new one n1 = no + io. This procedure 
leads to an infinite sequence {nk} of increasing integers nk = nk-1 + fk- 1. Now it is a 
conjecture [1], that every such sequence produced by an arbitrary no has at least 
one element as a palindrome (n = fi). C.W. Trigg [3] checked all integers< 10,000 
in the decimal notation (g = 10). For 249 of them he found neither a palindrome 
nor any regularity showing the conjecture to be false. In this paper we will construct 
infinitely many sequences which are counterexamples in bases g = 21 with ax = 1,2, 
3, ... . In the case a = 1, a special sequence of this kind (nO = 22) already is given in 
[2,4,5], and two further (no = 77 and 775) were found in [5]. 
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Since 

log n= A(d)= A(d)= z (-) 
n Sx n?_x dln n?x d_x/n n <x n 

by comparing this with (3), we have 

T x()= x log x-x + o(logx). 
n:!gx n 

Finally, we use Theorem 1 again, with g(x) = T(x) and f(x) = x log x - x + O(log x), 
to conclude that 

TI'(x) = p( 
x 

log 
x - n +Olog 

= xM2(x) - xM1(x) + O( 0 log ) 
n_x n 

= O(x)+O(x)+O( 0 logx - I logn) 
=0x n()x 

= O(x. 
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3. H. N. Shapiro, On the number of primes less than or equal to x, Proc. Amer. Math. Soc., 1 

(1950) 346-348. 
4. Nina Spears, A simplified proof of Chebyshev's theorem, Duke Math. J., 37 (1970) 709-713. 

ON PALINDROMES 

HEIKO HARBORTH, TU Braunschweig, Germany 

In g-adic representation (g ? 2) we consider a positive integer 
In 

no = didm-l .ddo, O<di <g-1, 
i=O 

and the corresponding mirror number io (with the digits of no written in reverse 
order). The sum of these two numbers gives a new one n1 = no + io. This procedure 
leads to an infinite sequence {nk} of increasing integers nk = nk-1 + fk- 1. Now it is a 
conjecture [1], that every such sequence produced by an arbitrary no has at least 
one element as a palindrome (n = fi). C.W. Trigg [3] checked all integers< 10,000 
in the decimal notation (g = 10). For 249 of them he found neither a palindrome 
nor any regularity showing the conjecture to be false. In this paper we will construct 
infinitely many sequences which are counterexamples in bases g = 21 with ax = 1,2, 
3, ... . In the case a = 1, a special sequence of this kind (nO = 22) already is given in 
[2,4,5], and two further (no = 77 and 775) were found in [5]. 
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Letting (d)i denote the digit d repeated i times, for any positive integer y we 
start with 

no = l 0(g - 1) g -1 g - 2 g-1 (O)YOO. 

Then for 1 < j _ a- 1 we get 

n=2i-12i-1 (O) g-2i-1 g -2i - 1 g-2i-1-1 (g-1)y2i 1 2i-1 

and 

n 2a-12a- (0) 2a- I g g- 1 2a- 1 (g - 1)y 2 - 12z 

Starting with n,,1 we have one more digit. 

n = lO(g - 1)yg- 1 g -1 g -2 g -1 (O)yOO, 

n+2+j = 2i2i()y g - 2i g - 2i- 1 g - 2i- 1 g - 2i- 1 (g - 1)y 2i- 1 2i 

for 0 ?< j < - 1. Finally, n2a+2 has two more digits than no and is of the same 
form as no, with y + 1 repetitions instead of y for the digits g - 1 and 0. 

n2+2-I= O(g - 1)y+I g -1 g -2 g -1 (O)Y+1OO. 

So in a certain sense there is a periodicity of length 2a + 2, that is, n(2,+2)r+j will 
become like nj with y + r instead of y (0 <? j 2cx + 1). Furthermore two numbers 
of one period (no and n,+ 1) begin with 1 and end with 0, and the remaining nj differ 
in the second positions from both sides. So a palindrome never occurs, and we have 
found one sequence contradicting the conjecture. Figure 1 shows, for example, one 
period in the case g = 4. The triples of points everywhere mean the same number 
(y - 2) of those digits being to the right and to the left of the points. 

103* . 33230 * 000 
000 * 03233 * 3 301 

11OOt3123tt3O1 
1O3tt3213OOt11 

220 * * 01313 t *312 
213 . 31310. 022 

103 . 333230 ... 0 00 
00 0 32333 * 301 

110 3 * * 32223 0 ..301 
1O3tt32223Ot'O11 

220 21113 . 312 
213 . 311120..022 

1033 . *33230 0 * 0 0 
FI. 1. 
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For every integer x ? 0 we now take into account the sequences {nk(x)} being 
produced by 

no(x) = 10 (g-1)y g-1 g-2 g-1 (0)x 0O10 (g-1);, g-1 g-2 g-1 (O)y00. 

Similar arguments as above lead us to the fact that these sequences are also periodic 
with length 20 + 2, and that no element becomes palindromic. The two blocks with 
x digits 0 and with x digits g - 1 remain constant for every element of one sequence, 
whereas each of the two blocks with y digits, period by period, increases by one 
digit of the same type. As every x gives another sequence, we have the following 
theorem, where two sequences are called different, if every element of one sequence 
is different from every element of the other one. 

THEOREM. In every g-adic number system with g- 2, oc = 1,2,3, ..., there are 
infinitely many pairwise different sequences i nk} without any palindromes. 

For example, Figure 2 shows one period of these sequences in the case a = 3. 
The pairs, respectively triples, of points mean x - 2, respectively y - 2, of those 
digits being to the left and to the right of the points. 

There are other similar types of sequences which are periodic and without 
palind'romes in bases g = 2a. Therefore the question arises, whether in these number 
systems every sequence {nk} produced by any no after finite steps of iteration will 
be periodic in the above sense and without palindromes. 

107 7- 77670 O000t07 77670 **000 
000 - 076777 701000 0767 7 701 

110... 075677 7011 0 07567 ...701 
107*. 76570 * 011 J 07 76570 **011 

220 063 57 712220 06357 . 712 
2177 ... 75360 O 222172 * 75360 * 22 

440 03737 734440 03737 .734 
437 . 73730 0O44437 73730 0O44 

107 ..7 776702 001072 777670 000 
000 0 767777 701002 076777 ..701 

110 0 766677 70210 076667 . 701 
107 ..7 66670 012077 766670 ..011 

220 ..0 65557 71420 065557 ...712 
217 . 7 55 5 60 02417 75 5 5 60 022 

440 0 43337 7 74040 043337 .734 
437 7 33340 04047 733340 044 

1077 7 7670 0001077 77670 .0000 
FiG. 2. 
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CONSTRUCTING A THIRD ORDER MAGIC SQUARE 

CHARLES W. TRIGG, San Diego, California 

In a third order magic square the triads in the rows, columns, and unbroken 
diagonals have the same magic sum, which is three times the central element. 

It is well known, see the reference for example, that the members of three three- 
term arithmetic progressions, with the same common difference and with their 
leading terms in arithmetic progression, can be arranged to form a magic square. 

This arrangement can be accomplished in two easy operations, starting with the 
progressions in a square array, 

x x + a x + 2a 

x + b x + a + b x + 2a + b. 

x + 2b x + a + 2b x + 2a + 2b 

Since each triad in a straight line which contains the central element is in arithmetic 
progression and has the magic sum, 3(x + a + b), then 

1. Interchange the elements at the extremities of each diagonal, or those at the 
extremities of each bimedian; 

2. Rotate (clockwise or counterclockwise) the perimeter one space. 

Either of these operations may be performed first. Different orientations of the 
same magic square may be obtained, depending upon the choice of the operations. 
For example: 

1 3 5 4 1 3 8 1 9 4 11 3 

4 6 8 7 6 5 7 6 5 or 5 6 7. 

7 9 11 9 11 8 3 11 4 9 1 8 

The twist 'n' trade or trade 'n' twist routine applied to any third order magic 
square, in turn produces a square array of arithmetic progressions. 

Reference 

Maurice Kraitchik, Mathematical Recreations, Dover, New York, 1953, p. 148. 
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NORM PRESERVING OPERATORS ON DECOMPOSABLE TENSORS 

RICHARD BRONSON, Fairleigh Dickinson University 

1. Introduction. Whenever possible, one characterizes global properties of a 
vector space or a linear transformation by specifying requirements only on a subset 
of the vector space, most generally a basis. In this regard, the following open question 
was presented at the 1971 NSF Summer Institute on Algebra at the University of 
California at Santa Barbara. 

PROPOSITION. Let V be an n-dimensional inner product space over the complex 
numbers and let L be a linear transformation from the p-fold tensor product 
V0V g) 0 V into itself. If 

|| L(v0 v v2 & *. VP) VI= v1 V2 * Vp 

for every decomposable element in V 0 V 0 0 V, then L is unitary. 

The proposition isfalse. Since V 0 V is isomorphic to MJ(C), the set of all n x n 
matrices with complex coefficients, and each decomposable element in V 0 V can be 
represented by a matrix of rank one, it suffices to contradict the following conjecture: 
Let L: M"(C) -+ M(C) be a linear transformation. If || L(A) A 11 for every 
A e MJ(C) having rank one, then L is unitary. 

2. A counterexample. Take n = 2. Every 2 x 2 matrix is isomorphic to a 4-tuple, 
hence L is isomorphic to a 4 x 4 matrix. Consider 

1 0 0 1] 

1 0 1 -1 01 
L = 0 -1 1 01 

1 0 0 1 

Using the standard Euclidean norm and 

~a b- 
A = =(a,b,c,d)T, 

_c d 

where superscript T denotes transposition, we calculate that 

11L(A) =[a2 + b2 + c2 + d2 + 2(ad-bc)]2. 

Thus, for any A having rank one, ad - bc = 0, and || L(A) = A |. But since the 
first and fourth columns of L are not orthogonal, L is not unitary. 

Acknowledgement. The author is indebted to the referee for simplifications in the counterexample. 
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THE CONNECTION OF BLOCK DESIGNS WITH FINITE 
BOLYAI-LOBACHEVSKY PLANES 

G. SPOAR, University of Wyoming 

In [2] S. H. Heath studied systems called finite Bolyai-Lobachevsky planes 
(hyperbolic planes) for which given any point P not on a line 1, there are exactly m 
(m > 2) lines through P which are parallel to I (two lines which do not have a point 
in common will be called parallel). 

WXe recall that if there exists one line containing exactly k points, then we have 
the following: 

(a) Every line contains exactly k points. 
(b) There are exactly r = m + k lines which pass through each point (the signi- 

ficance of r will become clear later). 
(c) There are exactly r(k -1) + 1 points. 
(d) There are exactly [r(k -1) + 1] [r/k] lines. 
(e) If (r - k) (r - k - I) is not divisible by k, there is no finite BL(r - k, k) geometry 

(the symbol BL(r - k, k) will denote the finite Bolyai-Lobachevsky plane with k 
points on each line and r - k parallels to a line through each point not on that line). 

In his paper Heath determined the existence of several infinite classes of such 
systems. During his treatment some natural questions were raised: 

1. Do finite BL(r - k, k) exist for k > r - k? In particular does the smallest 
possible Bolyai-Lobachevsky plane (k > r - k), namely BL(3, 6), exist? 

2. Does BL(r -3,3) exist for each integer r not ruled out by (e) above? 
3. Are there any values of r and k for which BL(r - k, r) do not exist excepting 

those ruled out by (e)? 
We will now show that another known approach is very useful in analyzing 

existence questions of this nature. This is the theory of (b, v, r, k, 2) designs [1]. 

DEFINITION. A (balanced incomplete block) design is an arrangement of v 
distinct objects into b blocks such that each block contains exactly k distinct 
objects, eac h object occurs in exactly r different blocks, and every pair of distinct 
objects ai,aj occurs together in exactly A blocks. 

It is easily seen that there are two necessary relations on the five parameters: 

(1) bk = vr, 

r(k-1) = 2(v-1). 

A design is described by its incidence matrix A = (aij), i = 1,2,-, v, j = 1,2,. , b 
determined as follows. If a1,a2, **,a,, are the objects and B1,B2, *-,Bb are the 
blocks then 

aij= 1 if a eB-, 

aij = 0 if asiBi. 
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Now if we consider the objects as points and the blocks as lines then it is easy 
to conclude that the existence of BL (r - k, k) planes is equivalent to the existence 
of (b, v, r, k, 1) designs. In particular v = r(k -1) + 1 and b = [r(k -1) + 1] [rlk] 
are obtained directly from the necessary conditions (1) with A = 1. Moreover it 
can be readily verified that the divisibility criterion in (e) follows from (1) with A = 1. 

In regard to this latter approach the question of the existence of designs has 
been studied extensively. With regard to the questions formulated by Heath earlier, 

1. (b, v, r, k, 1) designs with k > r - k remain unknown. In particular the design 
(69,46,9,6, 1) is unknown and appears difficult to determine. 

2. (b, v, r, 3, 1) designs exist for each integer r not ruled out by the divisibility 
criterion in (e). Such systems are called Steiner triples [1, 15.4]. Moreover, (b, v, r, 4, 1) 
designs exist for all possible r not ruled out by (e) [1, 15.5]. 

3. In [2] the existence of all possible BL(r-3,3) and BL(r-4,4) planes was 
established. For k ? 5 the existence problem of (b,v,r,k,1) designs generally 
remains unsolved. In particular, one could ask the following question. 

"Do all (b, v, r, 5, 1) designs exist (where r is not ruled out by (e)) or, equivalently, 
do all BL(r-5,5) planes exist?" 

In regard to this last question it is known that all exist except for finitely many [3]. 

The author is currently at the University of Guelph, Guelph, Ontario, Canada. 
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PROBLEMS AND SOLUTIONS 

EDITED BY ROBERT E. HORTON, Los Angeles Valley College 

AssOcIATE EDITOR, J. S. FRAME, Michigan State University 

Readers of this departtnent are invited to submit for solution problelns believed to be new that 
miiay arise in study, in resear-ch, or in extra-academnic situiations. Problemiis imiay be slibmnitted 
from any branich of nmathemiiatics antd r antgintg in subject content from that caecessibk to the taleni- 
ted high school student to problem1s challengimig to the professional mathemiiatician. Proposals 
should be accompanied by solutionzs, wheln available, alid by any informationl that wvill assist 
the editor. Ordinarily, problems in well-known textbooks should niot be submitted. 

The asterisk (*) will be placed by the pr-obletml number to inidicate that the proposer did niot 
supply a solution. Readers' solutions are solicited for all problems. Proposei s' solutions may not 
be "best possible" and solutions by others swill be giveni pr efer-entce. 

Solutions should be subnmitted on separate, signied sheets. Figur es should be drawni in India iklk 
and exactly the size desir ed for repr oductionl. 

Send all commlnications for this departlnent to Rober t E. Hor-ton, Los Antgeles Valley College, 
5800 Fulton Avenue, Van Nuys, California 9140-1. 

To be considered for publication, solutions should be mailed before September 1, 1973. 

PROPOSALS 

859. Proposed by B. Suer and H. Deimir, Middle East Teclhnical University, 
Ankara, Turkey. 

Solve the cryptarithm 

THREE + NINE = EIGHT + FOUR. 

860. Proposed by Leon Bankof7, Los Angeles, California. 

In any triangle ABC show that 

sin A /2 + sin B/2 + sin C/2 ? cos A + cos B + cos C. 

861. Proposed by Erwin Just, Bronx Community College. 

Find all integral valtes of m for which the functioni, f, defined by f(x) =x 

-mx2 + mx - (mn2 + 1) has an integral zero. 

862. Proposed by K. R. S. Sastry, Makele, Ethliopia. 

It is well known that the bisectors of equal angles of an isosceles triangle are 
equal. Conversely, the Steiner-Lehinus theorem states that if two internal bisectors 
of a triangle are equal, the triangle is isosceles. Show that if two external bisectors 
of a triangle are equal, the triangle need not be isosceles. 

863. Proposecl by K. W. Schmnidt, University of Manitoba, Canada. 

The number of (-l)'s of an n-order Hadamard matrix is bounded by 
n[n + (12n - 1 - 1)]/2. 
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864. Proposed by C/iaries W. Trigg, San Diego, California. 

In the square array 1 2 3 

4 5 8 

7 6 9 

all but two of the twelve adjacent digit pairs, taken horizontally and vertically, 
have prime sums. 

(a) Show that it is impossible to rearrange the digits so that every pair of adjacelnt 
digits has a prime sum. 

(b) Show that the digits can be rearranged so that each of the twelve sums of 
adjacent digits is composite, with nine of the composite sums being distinct. 

865. Proposed by A. Polter Geist, Miskatonic University, Arkham, Massachusetts. 

A square tract of land is bounded by four roads. A barn is located on the tract 
exactly 13 miles from the southwest corner, 8 miles from the northwest corner, and 5 
miles from the northeast corner. How far is the barn from the nearest road? 

QUICKIES 

From time to time this department will publish problems which nmay be solved by laborious 
methods, but which with the proper insight may be disposed of with dispatch. Readers ate 
urged to submit their favorite problems of this type, together with the elegant solution and the 
source, if known. 

Q562. Let f(z) be a bounded entire function. Then f(z) is constant. 

[Submitted by Warren Page] 

Q563. Let H be a nontrivial subgroup of the multiplicative group of integers 
G = {1, 2, ... p - 1} modulo p where p is a prime. Prove that the sum of the elements 
of H is divisible by p. 

[Submitted by Erwin Just and HIelen Jick] 

Q564. If AiBiCiDi (i = 1, 2, 3, 4) dienote four given quadrilaterals in space such that 
the four vector sums 

AtiBi l+ + CiBi-t + Ai+IBi+, + Ci+Di+D2 + Ai+2Bi + Ci+2Di, 

(i-I 1,,3,4 cand Ai = Ai+4, etc.) 

are zero, show that the sums remaini zero for any changes of the orientation of the 
quadrilaterals. 

[Submiiitted by Murray S. Klainhkini] 

Q565. Determine the trihedral anigles O-A'B'C' such that if one picks an arbi- 
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trary point A, B, C, respectively, on the open rays OA', OB', OC', then ABC is always 
an acute triangle. 

[Submitted by Murray S. Klamkin] 

Q566. The arithmetic mean of twin primes 5 and 7 is a perfect number 6. Are there 
other twin primes with a perfect mean? 

[Submitted by Charles W. Trigg] 

(Answers on page 112) 

SOLUTIONS 

Late Solutions 

Jor-ge Andres, St. Francis College, New York: 827; Edwar d D. Bender, Bradley University, Illinois: 
827; Benjamin Bock, Trinity College, Connecticuit: 824; Berne Switzerland Problem Solving Group: 
829; William F. Dwyer, Queens College, New York: 826, 827; Joe Flower, Northeast Missouri State 
University: 824, 829; M. G. Greening, University of New South Wales, Australia: 826, 827, 828, 830; 
Ray Haertel, Central Oregon Community College: 827; Shiv Kumar and Miss Nirmal (jointly), Ohio 
State University: 827, 829; Mrs. Jimmse Mandel, Central Oregon Community College: 824; Joseph V. 
Michalowicz, Catholic University of America: 826; Albert J. Patsche, Rock Island Arsenal, Illinois: 
827; Thomas J. Pennello, Michael J. Fay, Jeffrey T. Moore (jointly), University of Santa Clara, Cali- 
fornia: 824; Bob Prielipp and N. J. Kuenzi (jointly), University of Wisconsin-Oshkosh: 830; C. S. 
Venkataraman, Sree Kerala Varma College, Trichur, South India: 827. 

A Unique Solution 

831. [May, 1972] Proposed by Gary R. Gruber, Hofstra Un1iversity, New York. 

Consider the functional equation holding for all x, y such that F(x, y) is bounded 
and f(x + y) -f(x) = y2F(x, y). Finid an explicit solution (that is, find the functions 
J1(x) and F(x, y), excepting F(x, 0) which is indeterminate) and show that the solution 
is unique. 

Solution by Lester Rubenfeld, Michael Frame, David Hale, Clayton Keller, 
David Rutledge, Stephen Sentoff and David Wagner, Rensselaer Polytechnic 
Institute (National Science Foundation Undergraduate Research Participants 
during the summer of 1972). 

Given: f(x + y) -f(x) - y2F(x, y). 
Assuming F(x, y) is bounded, we have 

f(x + y) -f(x) y =-yF(x, y) 

y 

y-+O y' y) O 

*S-f'(X) _ , 

.-. '(x) C.- 
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Substitution of f in the original equation gives 

y2F(x,y) = C-C=0, for all x, y. 

Hence 

F(x,y)Q0 where y # O. 

The solution is unique insofar as antidifferentiation yields an arbitrary constalnt. 

Also solved by Lowell W. Beineke, Purdue University at Fort Waynle, Indiana; Gary L. Brittonl, 
University of Wisconsin at West Bend; Ralph Garfield, The College of Insurance, New York; Barbara 
A. Keller, Fort Wayne, Indiana; Alexander Kleiner, Drake University; Shiv Kumar and Miss Nirmal 
(jointly), Ohio State University; Stephen K. Park, Langley Research Center, Hanpton, Virginiia; 
Problem Solving Group, Berne, Switzerland; Phil Tracy, Liverpool, New York; Juilius Vogel, Newark, 
New Jersey; and the proposer. 

Casting Out Nines 

832. [May, 1972] Proposed by Guy A. R. Guillot, Montreal, Canada. 

A certain six-digit integer when divided by an even two-digit integer gives a result 
in which the sum of the 1st, 2nd, 3rd, and 4th product is equal to the first, second, 
third and fourth difference digits in the quotient, respectively. If there is no remainder, 
what is the prime qtuotient? 

X X) X XX X X X (X X X 

XX X 
x X x 

X X X 

x X x 

Solution by Charles W. Trigg, San Diego, California. 

Presumably "difference" should have been "different" and "digits of" was 
omitted before "lst". 

For k < 9, the only even two-digit d's such that the digits of the three-digit kd's 
sum to k are: k = 3, d = 34, 40, 70; k = 4, d = 28; k = 5, d = 28, 46, 64, 82; k = 6, 
d = 22, 34, 40, 52, 70; k = 7, d = 46; and k = 8, d = 28, 64. The only d associated 
with three k's is 28, and since 9(28) = 252, the quotient is a permutation of the 
digits 4, 5, 8 and 9. Their only prime permutation is 5849, the desired quotient. 

The reconstructed division is 
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28) 163772 (5849 
140 
237 
224 
137 
112 
252 
252 

Also solved by Kenneth M. Wilke, Topeka Kansas, who made "different basic assumptions," and 
the proposer. 

Establishing an Inequality 

833. [May, 1972] Proposed by A. K. Gupta, University of Arizona. 

Let an = (n!)lIn where n is a positive integer. Consider the sequence {bn} where 
bn = a.+1/ la Show that b, > 2"/`+I for all n > 1. 

I. Solution by M. T. Bird, California State University at San Jose. 

The arithmetic mean of n distinct positive numbers exceeds their geometric 
mean. Consequently for the numbers 1, 2 .. n with n > 1 we have 

(n + 1) /2 > (n!)"/. 

Multiplying both members by n! yields 

(n + 1)! /2 > (n!)('+')In 

(n + 1)! > 2(n!)('+')/n 

an+i > 2 an+' 

bn+' > 2 
and finally for n > 1 

bn >21 l(n +1). 

II. Solution by Julius Vogel, Prudential Insurance Company, Newark, New 
Jersey. 

The proof is by induction. We observe that 

b2 = (3!)1/3/(2 !)1/2 = 31/3. 2- 1/6 = (3. 2-1/2)1/3 > 21/3 

Suppose 
bk > 21/k+ 

This inequality readily transforms into 

(a) (k + 1)k > 2kk! 

We note next that 

(b) (1 + lk+)k+ > 2. 
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Multiplying inequality (a) by (k + 1) and then by inequality (b) yields 

(k + 2)k+1 > 2k+l(k + 1)! 

This in turn transforms back into 

bk+ I> 21/k+2 

completing the induction. 

Also solved Mitrovski Cvetan, B. Miladinovci, Bitola, Yugoslavia; Ragnar Dybvik, Tingvoll, 
ATorway; Leon Gerber, St. John's University; Michael Goldberg, Washinton, D. C.; M. G. Greening, 
University of New South Wales, Australia; RichardA. Groeneveld, Iowa State University; Elkedagmar 
Heinrich, Frankfurt, Germany; Steven Janke, University of California at Berkeley; Will Kazez, 
Pennsylvania State University; Charles Kimble, East St. Louis, Illinois; Brother Brendan Kneale, St. 
Mary's College, California; Vaclav Koneceny, Jarvis Christian College; Lew Kowarski, AMorgan State 
College, Maryland; Norbert J. Kuenzi, Oshkosh, Wisconsin; Maurice Mizrahi, University of Texas at 
Austin; Edward Moylan, Plymouth, Michigan; C.B.A. Peck, State College, Pennsylvania; Bob Prielipp, 
University of Wisconsin at Oshkosh; Lawrence A. Ringenberg, Eastern Illinois University; Barry H. 
Rodin, Aberdeen Proving Ground, Maryland; K. R.S. Sastry, Makele, Ethiopia; Phil Tracy, Liverpool, 
New York; Wolf R. Umbach, Rottorf, West Germany; C. S. Venkataraman, Sree Kerala Varma 
College, Trichur, India; Kenneth Wilke, Topeka, Kansas; and the proposer. 

Divisors of a Set 

834. [May, 1972] Proposed by Marion B. Smith, University of Wisconsin, Baraboo, 
Wisconsin. 

Let c be a positive integer and define a set S, as follows: S, = {(x, y) I x and y are 
positive or negative integers and 1 /x + 1 ly =1 /c}. Prove that I(x,y) E SC(x + y) 
- 4c-(c2) where r(c2) is the number of divisors of c2. 

Solution by Bob Prielipp, The Un'iversity of Wisconsin, Oshkosh. 

We begin by noting that 1 /x + 1 /y = 1/c is equivalent to xy = cx + cy. Next we 
establish that 1 /x + 1 /y = 1/c has 2T(c2) - 1 integer solutions. Let x = c + a and 
y = c + b where a and b are integers. Then ab = (x - c) (y - c) = xy - cx - cy 
+ c2 = 0 + c2 = c2. There are -(c2) positive values of a that satisfy ab = C2. Also 
there are -(c2) negative values of a that satisfy ab = c2, but one of these is a =-c 
which makes x = 0. Thus 1 /x + 1 /y =I I/c has 2T(c2) - 1 integer solutions. 

Therefore Y(x.y) es, (x + y) = J(x,y) e s, (2c + (a + b)) = X(x,y) S S, 2c + Y(x.y) e sc 
(a + b) = (2T(c2) - 1)2c + Z(x,y)e s, (a + b) + I(x,y) sr (a + b) = [4cz(c2)-2c] 

a0b a= b 

+ 0 + 2c = 4cz(c2). 

Also solved by Richard J. Bonneau; L. Carlitz, Duke University; Richard A. Gibbs, Fort Lewis 
College; M. G. Greening, University of New South Wales, Australia; Shiv Kumar and Miss Nirmal 
(jointly), Ohio State University; Problem Solving Group, Berne, Switzerland; Phil Tracy, Liverpool, 
New York; C. S. Venkataraman, Sree Kerala Varma College, Trichur, India; Kenneth Wilke, Topeka, 
Kansas; and the proposer. 
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Trigonometric Inequalities 

835. [May, 1972] Proposed by Sidney H. L. Kung, University of Jacksonville, 
Florida. 

Show that: 
(a) sin(cos x) < cos(sin x) 
(b) cos (sin 'x) < sin- ' (cos x), 0 < x < 1 
(c) I sin px < p I sin x I for any integral p > 1, sin x 0 0. 

Solution by Leon Bankoff, Los Angeles, California. 

(a) Let a- cos x. Then sin a = sin (cos x). Since sin a < a, we have sin (cos x) 
< cos x. Similarly sin x < x. So cos x < cos (sin x). It follows that sin (cos x) < cos x 
< cos (sin x). 

(b) Let sin a = cosx. Then a = sin ̀(cos x). But sin a < . Hence cos x < sin-1 
(cos x). Similarly x > sin x. So sin-'x > sin-'(sinx) x. And cos(sin-'x) < cos x. 
Hence cos (sin' - x) < cos x < sin' - (cos x). 

(c) Using induction and the identity 

sin 2kx /sin x = 2[cos x + cos 3x + cos 5x + + cos (2k -)x], 

we obtain 

sin 2kx 
sin x 

and 

sin(2k+ 1)x <2k+ 1. 
sin x 

The substitution p 2k yields 

sinpx < p 
sin x 

Also solved by Edward D. Bender, Bradley University; Michael Goldberg, Washington, D. C.; M. 
G. Greening, University of New South Wales, Australia; Barbara A. Keller, Fort Wayne, Indiana. 
Vaclav Konecny, Jarvis Christian College; Lew Kowarski, Morgan State College, Maryland; L. 
Lucetreiff, Northwestern University; Maurice Mizrahi, University of Texas at Austin; Edward Moylan, 
Plymouth, Michigan; Warren Page, New York City Community College; C. B. A. Peck, State College, 
Pennsylvania; Cecil G. Phipps, Tennessee Technological University; Qazi Zameeruddin, K. M. College, 
Delhi, India; and the proposer. 

Euclidean Metric 

836. [May, 1972] Proposed by R. A. Struble, North Carolina State University at 
Raleigh. 

Find simple necessary and sufficient conditions on the function f: R -+ C from 
the real line to the complex plane in order that 
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d(a, b) = sup {If(t -j- a) -f(t + b) |: t E R} 

define a metric which induces the Euclidean topology for R. 

Solution by the proposer. 

Necessary and sufficient conditions are (i) f is uniformly continuous and either 
(ii)a infll 2 E sup {If(t + Tr) - f(t) |: t E R} > 0 for every e > 0 or (ii)b f is nonperiodic 
and lim infl.1 -. sup { lf(t + r) -f(t) |: t E R} > 0. Indeed, the first of these (i) is 
necessary and sufficient for the induced topology to be coarser than the Euclidean 
topology and insures that d(a, b) < oo. The second (Gi)a is necessary and sufficient 
for the induced topology to be finer than the Euclidean topology. The conditions in 
(ii)b constitute an alternative to ("i)a in conjunction with (i). 

A Well-Known Triangle Property 

837. [May, 1972] Proposed by Vladimir F. Ivanoff, San Carlos, California. 

Prove that the altitudes of any triangle bisect the angles of another triangle whose 
vertices are the feet of the altitudes of the first triangle. 

Solution by Vaclav Konecny, Jarvis Christian College, Texas. 

From the figure: x1 = b cos a - c cos2 a 

csin c 2) = coscasina (sin,B-cosasin(a + 13\ 
=C c .cosa- cos 2a = c . f 

sin y siny \ sin a 

cos a sin a = -c . cos (a +O. 

Y2 = c cos /3 sin /B. 

x2 and Yi are obtained from xl and Y2 resp. by putting a for /3 and /3 for c. Put 
X1Y2 = f((a, 3 ) f((a, /3) = f(/3, o) thus x1y2 = x2y1. So the height dropped from C on c 
bisects -, B'C'A'. The same procedure applies for A' and B'. And the proof follows 
for any type of a plane triangle provided that a, /3, y =A 0. 

C 

A C' c B 

A C' B 
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Also solved by Leon Bankoff, Los Angeles, California; C. R. J. Clapham, University of Aberdeen, 
Scotland; W. M. Clements, Grand Junction, Colorado; Steven R. Conrad, Benjamin N. Cardozo High 
School, Bayside, New York; Clayton W. Dodge, University of Maine; Ragnar Dybvik, Tingvoll, Norway; 
Abraham L. Epstein, Bedford, Massachusetts; Gabriel V. Ferrer, Universidad Autonoma de Baja, 
California; George Fabian, Park Forest, Illinois; Herta T. Freitag, Hollins, Viriginia; Michael Goldberg, 
Washington, D. C.; Lester- Rubenfeldfor Michael Frame, David Hale, Clayton Keller, David Rutledge, 
Stephen Sentoff and David Wagner (Jointly), Rensselaer Polytechnic Institute; Roger Izard, Dallas, 
Texas; Barbara A. Keller, Fort Wayne, Indiana; J.D.E. Konhlaser, Macalester College, St. Paiul, 
Minnesota; Lew Kowarski, Morgan State College. Maryland; Shiv Kumar and Miss Nirmal (jointly), 
Ohio State University; Maurice Miztahi, University of Texas at Austin; J. Paul Moulton, Temple 
Universit.v; C. C. Oursler, Belleville, Illinois; Lawrence A. Ringenberg, Eastern Illinois University; 
Gerald V. Rowell, Moorlhead, Minnesota; Phil Tracy, Liverpool, New York, Charles W. Trigg, San 
Diego, California; Zalman Usiskin, University of Chicago; Dimitrios Vathis, Chalcis, Greece; C. S. 
Venkataraman, Sree Kerala Vatrma College, Tr ichu,, India; William Wernick, City College, New York; 
QaziZameeruddin, K. M. College, Delhi, India; and the pr-oposer. 

Comment on Q484 

Q484. [September, 1970] Show that the length of one leg of a Pythagorean triangle 
must be a multiple of 3. 

[Submitted by Charles W. Trigg] 

Comment by Eric C. Nummela, University of Florida. 

For any integer x, x2 is congruent to 0 or 1 modulo 3. Thus the only solutions in 
integers modulo 3 of the equation a2 + b2 = C2 are 

0 + 0 = 0, 1 + 0 = 1, 0 + 1 = 1. 

In any case at least one of a or b must be congruent to 0 modulo 3. 

Comment on Q543 

Q543. [May, 1972] Show that for all natural numbers n _ 4, (n - 1) > n"1. 

[Submitted by Alexander Zujus] 

I. Comment by K. R. S. Sastry, Makele, Ethiopia. 

For n> 1, n - 1 > 0 

(n- 1)n>nn' n-1>(-J ) 

But 

( 
n ) = (1 

+ 1 )e; n oo 

and 

* (nl > is bounded. 

..(n - 1)n > n-'1 is true 

This content downloaded from 137.205.50.42 on Tue, 22 Dec 2015 01:40:47 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


112 MATHEMATICS MAGAZINE [Mar.-Apr. 

for all real numbers > e + 1. 

Il. Comment by Murray S. Klamkin, Ford Motor Company. 

More generally, x1/x is a monotonic decreasing function for x > e. This follows 
since 

Dxlix = xl x(1 log x) /x2. 

ANSWERS 

A562. Suppose f(z) is not constant and let M,, max1 = If(z) . Since the Maximal 
Principle required that sup,,,<,, jf(z)) occurs strictly on the boundary, we have 

A563. Since p has primitive roots, it follows that G is cyclic and therefore H is cyclic. 
If the order of H is r, then the elements of H consist of {1, a, a2, ar 1} for some a 
in G. 
Then 

r-1 ar 
I a" = 0 (modp) since a r1 (mod p). 

k=O a - 
Therefore 

r- 

k = 

A564. Let AiBi = R 1, BiCi = S-,, CiDi = T 1, OAiU= 1 

(i = 1, 2, 3, 4) then the given vectors can be shown to reduce to 

R-i + T1 + Rj+1 + Tj+I + Ri + Ti+ (i = 1,2,3,4). 

Consequently R-i + T-i = 0 which is invariant under rigid body motions. Also, the 
quadrilaterals must be parallelograms. 

A565. It follows by continuity that none of the face angles can be acute or obtuse. 
Thus the only possibility is a trirectangular angle. If OA = a, OB = b, OC = c, then 

AB2 =a2 + b2, BC2 = b2 + C2, AC2 = c2 + a2 

Since the sum of any two is greater than the third, ABC is acute. 

A566. No. Twin primes greater than three have the forms 6k - 1 and 6k + 1, so 
their mean is the even integer 6k. Even perfect numbers have the form 2n- I (2n _ 1) 
with 2n - 1 a prime. If 6k is perfect, k is a power of 2 and 2n - 1 = 3. Thus n = 2 and 
6 is the unique perfect mean of twin primes. 

(Quickies on page 104) 
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 Mathematics Titles

 FUNDAMENTALS OF MATHEMATICS

 Fourth Edition

 By the late Moses Richardson, The City University of New York; and Leonard F.

 Richardson, Massachusetts Institute of Technology

 This complete revision of a popular math fundamentals text can be used in

 either a full-year or one-term course. Modern branches of mathematics are

 related to human knowledge and culture without encumbering the general

 student with inappropriate technical method. The treatment of the real number

 system, sets, numbers, and functions has been broadened and updated for this

 edition. New problems and exercises have been added; there is a complete

 bibliography and a teacher's manual. 1973 582 pages $10.95

 MATHEMATICS FOR LIBERAL ARTS STUDENTS

 By Gloria Olive, formerly University of Wisconsin-Superior, and University of

 Otago, New Zealand

 A versatile text for non-majors that requires little or no background in high

 school mathematics. The topics included all meet three specifications: they are

 mathematically important, easily understood, and interesting and useful to the

 student. The preface indicates chapters suitable for quarter- half- and full-year

 semesters, and chapters of interest to students in various disciplines.

 1973 approx. 320 pages prob. $8.95

 TRIGONOMETRY An Analytic Approach

 Second Edition

 By Irving Drooyan, Walter Hadel, and Charles Carico, all Los Angeles Pierce

 College

 Topics essential for students specializing in fields that require a strong mathe-

 matical background are emphasized in this text. The present edition features

 a new section reviewing the geometry prerequisite for understanding the text;

 the addition of a section in the appendices on the law of tangents and half-

 angle formulas in solving triangles; and re-worked exercise sets. There are

 many examples to clarify theoretical discussion, end-of-chapter summaries,

 and problems ranging from proofs of theorems to applications in scientific

 areas. 1973 397 pages $8.95

 ELEMENTARY FUNCTIONS Backdrop for the Calculus

 By Melcher P. Fobes, The College of Wooster

 Providing students with the material they should know when they begin cal-

 culus, this book discusses principal properties of algebraic, exponential, logarith-

 mic, and trigonometric function. Innovations include a set of practice exercises

 in the sections on trigonometry; and "Things to Think About"-end-of-chapter

 exercises designed for the better prepared students who wish to try more chal-

 lenging concepts. 1973 510 pages $9.95
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 from Macmillan

 PRINCIPLES OF ARITHMETIC AND GEOMETRY

 FOR ELEMENTARY SCHOOL TEACHERS

 By Carl B. Allendoerfer, The University of Washington

 A complete discussion of the structure of the number system and a survey of

 informal geometry. Each topic is considered at the intuitive, theoretical, and

 practical levels. Programmed exercises, a Readiness Test preceding and Post

 Test following each chapter, and a Summary Test at the end of each section are

 particularly helpful. 1971 672 pages $9.95

 FINITE MATHEMATICS WITH APPLICATIONS

 By A. W. Goodman and J. S. Ratti, both, University of South Florida

 This text introduces students to an area of mathematics that is interesting,

 meaningful, and useful. All material is clearly and simply presented, and en-

 hanced by numerous examples, exercises, and illustrations. The book covers

 such theoretical material as logic, sets, combinatorial analysis, probability,

 and vectors and matrices. Applications in linear programming, game theory,

 the social sciences, and graph theory are included.

 1971 490 pages $10.95

 INTRODUCTION TO LINEAR ALGEBRA

 By Franz E. Hohn, University of Illinois

 Designed to give a sound introduction to the topic, this book requires no

 previous knowledge of calculus. Some of the text's outstanding features are its

 comprehensive coverage of geometry, including geometrical applications and

 interpretations of linear algebra; "basic solutions" of systems of linear equa-

 tions; the introduction of abstract concepts with concrete examples; and a

 broad range of exercises. 1972 321 pages $10.75

 ELEMENTARY LINEAR ALGEBRA

 By Bernard Kolman, Drexel University

 Designed for students who have completed a course in single-variable calculus,

 this text provides a gradual and firmly based introduction of postulational and

 axiomatic mathematics-while giving due attention to the computational as-

 pects of the subject. Special content features include an initial, optional chapter

 on sets and functions; a chapter introducing eigenvalues, eigenvectors, inner

 products, and real quadratic forms; a final chapter on the application of linear

 algebra in the solution of differential equations; and frequent references to

 computer implementation of techniques. 1970 255 pages $8.95

 MACMILLAN PUBLISHING CO., INC.

 100A Brown Street, Riverside, New Jersey 08075

 In Canada, write to Collier-Macmillan Canada, Ltd.,

 1125B Leslie Street, Don Mills, Ontario

This content downloaded from 139.86.7.217 on Sun, 28 Feb 2016 13:49:51 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


 McGraw-Hill texts. .. clear,

 BASIC MATHEMATICAL CONCEPTS, Second Edition

 F. Lynwood Wren, California State University, Northridge

 1973, 503 pages (071907.1), $10.50

 This text is designed for the study of those concepts of number, algebra,

 and geometry basic to intelligent teaching of mathematics in the elementary

 school. Beginning with the system of natural numbers, the author discusses

 its fundamental nature and then explains the inadequacies which call for

 extensions-to the domain of integers, the field of rational numbers,

 the field of real numbers, and finally the field of complex numbers. The remaining

 chapters present limited applications in the areas of geometry and algebra.

 BASIC MATHEMATICAL CONCEPTS: A PRACTICE BOOK

 F. Lynwood Wren, California State University, Northridge

 1973, 150 pages (tent.), (071910-1), $3.50 (tent.)

 FOUNDATIONS OF MATHEMATICS: With Applications in the Management and

 Social Sciences, Second Edition

 Grace A. Bush, Kent State University, and John E. Young,

 Southeast Missouri State College

 1973, 466 pages (tent.), (009275-3), $10.95

 An Instructor's Manual will be available.

 Designed to introduce non-science students to the fundamentals of the real

 number system, this text includes applications of real numbers to such

 areas as probability, mathematics of finance, linear programming, matrices,

 calculus, and basic statistics. Little trigonometry is used.

 MODERN ALGEBRA AND TRIGONOMETRY, Second Edition

 J. Vincent Robison, Emeritus, Oklahoma State University

 1973, 431 pages, (053330-X), $9.50

 An Instructor's Manual will be available.

 This text develops and integrates traditional algebra and trigonometry

 through the use of concepts and techniques of set theory. The choice of

 topics, necessarily limited in a book of this length, has been influenced

 by the recommendations of both the Committee on the Undergraduate Program

 in Mathematics and the School Mathematics Study Group. Designed for

 students having no more than three semesters of high school algebra, the

 exposition is based on a judicious use of mathematical rigor and intuition,

 and a large number of worked examples illustrate concepts and

 provide methods of attack.
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 concise, comprehensive. In

 HANDBOOK OF MATHEMATICAL TABLES AND FORMULAS, Fifth Edition

 Richard S. Burington

 1973, 500 pages, (009015-7), $5.50

 This text has been designed to aid those in academic, professional, scientific,

 engineering, and business fields in which mathematical reasoning, processes,

 or computations are required. A serious effort has been made to retain

 information of a more traditional nature while incorporating those definitions,

 theorems, formulas, and tables needed for contemporary applications.

 Each subject treated is developed in a logical manner, to enable the user

 to interpret the information easily and properly.

 COLLEGE ALGEBRA

 E. Richard Heineman, Texas Tech University

 1973, 332 pages (tent.), (027936-5), $8.95

 An Instructor's Manual will be available.

 Designed for a freshman level algebra course, this text seeks to instill in

 students a realization that mathematics is a logical science and to develop

 their capability and understanding of those concepts which have traditionally

 constituted college algebra. The author achieves these goals by using

 modern terminology and the postulational approach to the properties

 of real numbers-together with clarity of presentation and carefully

 graded sets of diversified problems.

 CONTEMPORARY TRIGONOMETRY

 Howard E. Taylor, West Georgia College, and Thomas L. Wade,

 Florida State University

 1973, 264 pages, (067640-2), $7.95

 This text presents a concise, modern introduction to the field with emphasis

 on the trigonometric functions, their inverses, and their properties.

 The approach utilizes the basic concepts of the real number and rectangular

 coordinate systems, together with a small amount of set notation and a

 few elementary concepts of sets. Trigonometric functions and their inverses

 are viewed as non-empty sets of ordered pairs, no two of which have

 the same first entry. Historical notes are also provided.

 (clip here)

 To order, simply fill out this coupon and return to:

 Norma-Jeanne Bruce (Dept. MM)/College Division, 27

 McGRAW-HILL BOOK COMPANY

 1221 Avenue of the Americas/New York, New York 10020

 - Burington (009015-7) Wren (071907-1) Wren (071910-1)

 - Bush-Young (009275-3) Heineman (027936-5) - Robison (053330-X)

 - Taylor-Wade (067640-2)

 Within ten (10) days of receipt of book(s) I will remit full price of book(s) plus local sales

 tax, postage, and handling. (McGraw-Hill pays postage and handling if I remit in full with

 this coupon.) I will return unwanted book(s) postpaid.

 Name - Affiliation

 Address . City ._- State Zip

 Prices subject to change without notice. Offer good in USA only.

 62 Rev PO/2010762

This content downloaded from 139.86.7.217 on Sun, 28 Feb 2016 13:49:51 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


 APPLICATIONS OF UNDERGRADUATE

 MATHEMATICS IN ENGINEERING

 written and edited by Ben Noble

 Mathematics Research Center, U. S. Army, University of Wisconsin

 Based on 45 contributions submitted by engineers in universities and industries

 to the Committee on Engineering Education and the Panel on Physical Sciences

 and Engineering of CUPM. About 400 pages.

 Each member of the Association may purchase one copy of this book for $4.50.

 Orders with remittance should be addressed to:

 MATHEMATICAL ASSOCIATION OF AMIERICA

 1225 Connecticut Avenue, NW

 Washington, D.C. 20036

 Additional copies and copies for nonmembers may be purchased at $9.00 per

 volume from:

 Macmillan Publishing Co., Inc.

 Faculty Service Desk

 IOOA Brown Street

 Riverside, New Jersey 08075

 SELECTED PAPERS ON CALCULUS

 Reprinted from the

 AMERICAN MATHEMATICAL MONTHLY

 (Volumes 1-75)

 and from the

 MATHEMATICS MAGAZINE

 (Volumes 1-40)

 Selected and arranged by an editorial committee consisting of

 TOM M. APOSTOL, Chairman, California Institute of Technology

 HUBERT E. CHRESTENSON, Reed College

 C. STANLEY OGILVY, Hamilton College

 DONALD E. RICHMOND, Williams College

 N. JAMES SCIIOONMAKER, University of Vermont

 One copy of this volume may be purchased by individual members of MAA for $5.00.

 Orders with remittance should be sent to:

 MATHEMATICAL ASSOCIATION OF AMERICA

 1225 Connecticut Avenue NW

 Washington, D. C. 20036

 Additional copies and copies for nonmembers may be purchased for $10.00 prepaid only from

 BOX MAA-1, Dickenson Publishing Company, Ralston Park, Belmont, California 94002.
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 Two New Texts from NORTON

 for the 2 or 3 semester

 standard calculus course

 CALCULUS

 Leonard Gillman

 University of Texas at Austin

 Robert H. McDowell

 Washington University

 * Features a new development of the integral.

 * Integrates into the text over 3200 problems, most of

 which have answers in the text itself, and 356 care-

 fully prepared diagrams.

 * Accompanied by a solutions manual with answers to

 the longer, more complex problems-prepared by the

 authors themselves.

 for the general math course preceding calculus

 PRECALCULUS: FUNDAMENTALS

 OF MATHEMATICAL ANALYSIS

 Edgar R. Lorch, Columbia University

 * A readable text that includes a great number of problems

 and interesting, relevant applications.

 * Theory is developed correctly, so that a student is well-

 prepared either for calculus or for courses in the life and

 social sciences.

 W * W * NORTON & COMPANY * INC e

 55 Fifth Avenue, New York, N.Y. 10003
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 TOPICS FROM TRIANGLE GEOMETRY

 By D. Moody Bailey

 Consider the following ratios when P is a point in the plane of triangle ABC, with DEF

 its cevian triangle.

 (a) ~BD 9a- bIa+b-c- CE b W- c?Ib + c-a

 DC \c-a/ \a + c-b)' EA aU-b a + b-c

 AF (c-a\2Ia + c-b

 FB b -c vb + c- a

 BD c2 a2+ b2 2c2\ CE a2(b2 + c2-2a2\ AF b2 a2 + c2-2b2\

 b DC b2 a2+c2-2b2' EA c2 a2 + b2 2c2' FB a2 b2+ c2-2a2 .

 BD a2 + c2-b2-ac CE a2+ b2 - c2--ab AF b2 + c2-a2 - bc t

 DC a2+ b2 C2-ab EA b2 + c2-a2 - bc FB a2 + c2-b2 - ac

 BM ra4 + c4(CE/EA) - 2a2c2(CD/DB) 1 AE

 (d) =-- I-

 MC Lb4 + a4(AF/FB) - 2a2b2(AE/EC) EC

 CN rb4 + a4(AF/FB) - 2a2b2(AE/EC) 1 BF

 NA c4 + b4(BD/DC) - 2b2c2(BF!FA) FA

 A O 4 + b4(B D/DC) - 2b2c2(BF/FA) CD 0

 OB _a4 + c4(CE/EA) - 2a2c2(CD/DB) 1DB

 z

 Can you demonstrate that (a) fixes the famous Feuerbach point, (b) determines the

 inverse of the symmedian point with respect to the circumcircle, (c) gives ratio values for o

 the reflective partner of the incenter, and (d) fixes line MNO that is the polar of point P >

 with respect to the Brocard circle ? Is it true that the incenter and Gergonne point are the ?

 centers of similitude for the two internal Soddy circles ? What about the centers of similitude Z

 for the three pairs of external Soddy circles? Could you write ratio values for line MNO

 when it becomes the radical axis of the Brocard and nine-point circles? Is it possible to

 write cevian ratios for a point on the Euler line that divides the segment connecting the >

 orthocenter and de Longchamps' point in a given ratio? The preceding examples may be x

 solved by considering special cases of general results derived by the author.

 "Topics From Triangle Geometry" (258 pages) consists of sixteen independent papers r

 that deal with properties of the triangle that are not found, for the most part, in current ,

 works on the subject. Some of the titles are (1) Division of a Line Segment, (2) Con- '

 cerning Soddy's Circles, (3) Poles, Polars, and Inverse Points with Respect to the Cir-

 cumcircle, (4) Radical Axes of Some Circles Associated with the Triangle, (5) Some

 Properties of an Inscribed Conic, (6) A Point and its Reflective Partner, (7) Self-Homol-

 ogous Point for a Pair of Inversely Similar Triangles, (8) Properties of Three Concurrent

 Circles.

 Orders with remittance of $7.50 per copy should be sent to

 D. Moody Bailey, Route 4, Box 350-B, Princeton, W.Va. 24740

This content downloaded from 139.86.7.217 on Sun, 28 Feb 2016 13:49:51 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp

	Mathematics Magazine, Vol. 43, No. 1 Jan., 1970
	Mathematics Magazine, Vol. 43, No. 2 Mar., 1970
	Mathematics Magazine, Vol. 43, No. 3 May., 1970
	Mathematics Magazine, Vol. 43, No. 4 Sep., 1970
	Mathematics Magazine, Vol. 43, No. 5 Nov., 1970
	Mathematics Magazine, Vol. 44, No. 1 Jan., 1971
	Mathematics Magazine, Vol. 44, No. 2 Mar., 1971
	Mathematics Magazine, Vol. 44, No. 3 May., 1971
	Mathematics Magazine, Vol. 44, No. 4 Sep., 1971
	Mathematics Magazine, Vol. 44, No. 5 Nov., 1971
	Mathematics Magazine, Vol. 45, No. 1 Jan., 1972
	Mathematics Magazine, Vol. 45, No. 2 Mar., 1972
	Mathematics Magazine, Vol. 45, No. 3 May., 1972
	Mathematics Magazine, Vol. 45, No. 4 Sep., 1972
	Mathematics Magazine, Vol. 45, No. 5 Nov., 1972
	Mathematics Magazine, Vol. 46, No. 1 Jan., 1973
	Mathematics Magazine, Vol. 46, No. 2 Mar., 1973
	Mathematics Magazine, Vol. 46, No. 3 May., 1973
	Mathematics Magazine, Vol. 46, No. 4 Sep., 1973
	Mathematics Magazine, Vol. 46, No. 5 Nov., 1973
	Mathematics Magazine, Vol. 47, No. 1 Jan., 1974
	Mathematics Magazine, Vol. 47, No. 2 Mar., 1974
	Mathematics Magazine, Vol. 47, No. 3 May., 1974
	Mathematics Magazine, Vol. 47, No. 4 Sep., 1974
	Mathematics Magazine, Vol. 47, No. 5 Nov., 1974
	Mathematics Magazine, Vol. 48, No. 1 Jan., 1975
	Mathematics Magazine, Vol. 48, No. 2 Mar., 1975
	Mathematics Magazine, Vol. 48, No. 3 May., 1975
	Mathematics Magazine, Vol. 48, No. 4 Sep., 1975
	Mathematics Magazine, Vol. 48, No. 5 Nov., 1975
	Mathematics Magazine, Vol. 49, No. 1 Jan., 1976
	Mathematics Magazine, Vol. 49, No. 2 Mar., 1976
	Mathematics Magazine, Vol. 49, No. 3 May., 1976
	Mathematics Magazine, Vol. 49, No. 4 Sep., 1976
	Mathematics Magazine, Vol. 49, No. 5 Nov., 1976
	Mathematics Magazine, Vol. 50, No. 1 Jan., 1977
	Mathematics Magazine, Vol. 50, No. 2 Mar., 1977
	Mathematics Magazine, Vol. 50, No. 3 May., 1977
	Mathematics Magazine, Vol. 50, No. 4 Sep., 1977
	Mathematics Magazine, Vol. 50, No. 5 Nov., 1977
	Mathematics Magazine, Vol. 51, No. 1 Jan., 1978
	Mathematics Magazine, Vol. 51, No. 2 Mar., 1978
	Mathematics Magazine, Vol. 51, No. 3 May., 1978
	Mathematics Magazine, Vol. 51, No. 4 Sep., 1978
	Mathematics Magazine, Vol. 51, No. 5 Nov., 1978
	Mathematics Magazine, Vol. 52, No. 1 Jan., 1979
	Mathematics Magazine, Vol. 52, No. 2 Mar., 1979
	Mathematics Magazine, Vol. 52, No. 3 May., 1979
	Mathematics Magazine, Vol. 52, No. 4 Sep., 1979
	Mathematics Magazine, Vol. 52, No. 5 Nov., 1979

